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By replacing ten-dimensional pure spinors with eleven-dimensional pure spinors, the
formalism recently developed for covariantly quantizing the d=10 superparticle and super-
string is extended to the d=11 superparticle and supermembrane. In this formalism, kappa
symmetry is replaced by a BRST-like invariance using the nilpotent operator Q =
∮
λαdα
where dα is the worldvolume variable corresponding to the d=11 spacetime supersymmet-
ric derivative and λα is an SO(10,1) pure spinor variable satisfying λΓcλ = 0 for c = 1 to
11.
Super-Poincare´ covariant unintegrated and integrated supermembrane vertex opera-
tors are explicitly constructed which are in the cohomology of Q. After double-dimensional
reduction of the eleventh dimension, these vertex operators are related to Type IIA su-
perstring vertex operators where Q = QL + QR is the sum of the left and right-moving
Type IIA BRST operators and the eleventh component of the pure spinor constraint,
λΓ11λ = 0, replaces the b0L− b0R constraint of the closed superstring. A conjecture is made
for the computation of M-theory scattering amplitudes using these supermembrane vertex
operators.
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1. Introduction
There is substantial evidence that d=10 superstring theory contains nonperturbative
symmetries coming from an underlying d=11 theory which has been named M-theory
[1][2]. It is believed that M-theory properties are related to the supermembrane [3] [4] [5]
[6], however, problems with covariantly quantizing the supermembrane have made it diffi-
cult to study these properties. Although there exist light-cone methods such as M(atrix)
theory[7][8] for studying the supermembrane, the lack of spacetime gauge and Lorentz sym-
metries makes these light-cone methods clumsy and limits their use to special backgrounds.
Nevertheless, certain properties of M-theory have been successfully studied using light-cone
supermembrane vertex operators [9], and it should now be possible to covariantize these
light-cone methods using the results of this paper.
There are two essential problems with covariant quantization of the supermembrane
which, naively, appear to be unrelated. The first problem, which is also present in the
bosonic membrane, is the complicated non-quadratic nature of the supermembrane Hamil-
tonian and the resulting difficulties in constructing the physical spectrum. The second
problem, which is also present in the Green-Schwarz (GS) superstring [10], is the kappa
symmetry [11] of the supermembrane action which implies fermionic second-class con-
straints that are difficult to covariantly separate out from the first-class constraints.
Recently, a new formalism [12][13] was developed for quantizing the superstring which
preserves manifest SO(9,1) super-Poincare´ covariance but does not suffer from the problems
of the GS formalism. This formalism uses a new version of the superstring action which
includes bosonic pure spinor ghost variables λµ satisfying λγmλ = 0 for m = 1 to 10.2 In
this pure spinor formalism for the superstring, kappa symmetry is replaced by a BRST-like
invariance using the nilpotent operator Q =
∮
λµdµ where dµ is the worldsheet variable
for the d=10 spacetime supersymmetric derivative. Physical vertex operators are defined
as states in the cohomology of Q and, since the worldsheet action is quadratic, manifestly
super-Poincare´ covariant scattering amplitudes [14] can be computed using the free-field
OPE’s of the worldsheet variables.
Since the standard supermembrane action [4] reduces to the GS version of the Type
IIA superstring action [10] after double-dimensional reduction of the eleventh dimension
2 To simplify d=11 language, the time coordinate will be called x10 instead of x0. The indices
m,n, p, ... and µ, ν, ρ, ... will label d=10 vectors and spinors, and the indices a, b, c, ... and α, β, γ, ...
will label d=11 vectors and spinors.
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[5], it is natural to look for an alternative version of the supermembrane action which
reduces instead to the pure spinor version of the Type IIA superstring action. Such a
generalization is reasonable given the results of [15] where d=10 twistor-like methods for
the superstring were generalized to d=11 twistor-like methods for the supermembrane.
Furthermore, it was shown by Howe that just as the super-Yang-Mills equations of motion
can be understood as d=10 pure spinor integrability conditions [16], the d=11 supergravity
equations of motion can be understood as d=11 pure spinor integrability conditions [17].
As will be shown in this paper, it is indeed possible to construct a supermembrane
action which reduces after double-dimensional reduction to the pure spinor version of the
Type IIA superstring action. In this pure spinor version of the supermembrane action,
kappa symmetry is replaced by a BRST-like invariance using the nilpotent operator Q =∮
λαdα where dα is now the worldvolume variable for the d=11 spacetime supersymmetric
derivative and λα is an SO(10,1) pure spinor ghost variable satisfying λΓcλ = 0 for c = 1
to 11.3 After double-dimensional reduction of the eleventh dimension, dα splits into the
left and right-moving Type IIA worldsheet variables dLµ and dRµˆ, λ
α splits into the left
and right-moving Type IIA pure spinor variables λµL and λ
µˆ
R, and Q reduces to the sum
of the left and right-moving Type IIA BRST operators, Q = QL + QR where QL =∮
λµLdLµ and QR =
∮
λµˆRdRµˆ. Furthermore, the eleventh component of the pure spinor
constraint, λΓ11λ = 0, replaces the b0L − b0R constraint4 which is necessary for defining
BRST cohomology in closed string theory [18].
Since kappa symmetry is replaced by a BRST-like invariance, this formalism does not
suffer from quantization problems associated with second-class constraints. Furthermore,
since physical states will be defined as states in the cohomology of Q, the complicated
nature of the supermembrane Hamiltonian does not directly enter into the computation
of the physical spectrum. Note that it was proven for the superstring that states in the
cohomology of Q are annihilated by the Hamiltonian [19], and one expects that this will
also be true for the supermembrane. It might seem surprising that quantization of the
supermembrane is simpler than quantization of the bosonic membrane, but this situation
3 The definition of d=11 pure spinors used here differs from that of Howe in [17] where d=11
pure spinors were required to satisfy both λΓcλ = 0 and λΓcdλ = 0. Howe’s definition of a d=11
pure spinor is more restrictive than the definition used here and does not appear to be appropriate
for superparticle and supermembrane quantization.
4 I thank Barton Zwiebach for stressing the importance of the b0L − b
0
R constraint.
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often occurs in supersymmetric systems where second-order differential equations can be
replaced by first-order differential equations.
Before discussing the supermembrane, it will be useful to first covariantly quantize
the d=11 superparticle which describes the zero modes of the supermembrane. To make
this paper self-contained, covariant quantization of the N=1 and N=2 d=10 superparticles
and Type II superstring will also be reviewed here.
As reviewed in section 2, covariant quantization [13] of the N=1 d=10 superparticle
allows a BRST description of super-Maxwell theory where the nilpotent BRST operator is
Q = λµdµ, dµ is the N=1 d=10 supersymmetric derivative, and λ
µ is a d=10 pure spinor
ghost variable satisfying λγmλ = 0 for m = 1 to 10. Using a suitably defined norm 〈 〉 of
ghost number three, the super-Maxwell action can be constructed as
∫
d10x〈ΨQΨ〉 where
Ψ(λ, x, θ) is a quantum-mechanical wavefunction depending on the d=10 pure spinor and
superspace variables. At ghost number one, Ψ = λµAµ(x, θ) where Aµ(x, θ) describes the
super-Maxwell fields, and at other ghost numbers, Ψ describes the super-Maxwell ghosts,
antifields and antighosts.
Furthermore, by coupling the pure spinor version of the N=1 d=10 superparticle
action to a super-Maxwell background, one obtains the integrated version of the open su-
perstring massless vertex operator. By evaluating correlation functions of these integrated
vertex operators with the unintegrated massless vertex operators Ψ = λµAµ, one can com-
pute N=1 d=10 supersymmetric Born-Infeld amplitudes in a manifestly super-Poincare´
covariant manner. The normalization for the worldsheet zero modes in these correlation
functions is defined by the ghost number three norm used in the super-Maxwell action.
In section 3, the N=2 d=10 superparticle is covariantly quantized using the BRST
operators QL = λ
µ
LdLµ and QR = λ
µˆ
RdRµˆ where dLµ and dRµˆ are the N=2 d=10 super-
symmetric derivatives and λµL and λ
µˆ
R are independent pure spinors satisfying λLγ
mλL =
λRγ
mλR = 0. At non-zero momentum, the physical spectrum corresponds to linearized
Type II supergravity, however, at zero momentum, there are Type II supergravity states
that are missing from the N=2 d=10 superparticle spectrum. This fact is related to the
absence of a b0L − b0R constraint, which is known from closed string field theory [18] to be
necessary for obtaining the correct physical spectrum at zero momentum. The absence of
the b0L − b0R constraint in the N=2 d=10 superparticle also prevents the construction of
a
∫
d10x〈ΨQΨ〉 action for linearized Type II supergravity, which is not surprising for the
Type IIB superparticle because of the self-dual five-form field strength in the spectrum.
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In section 4, a pure spinor version of the d=11 superparticle action is constructed.
In this action, kappa symmetry is replaced by a BRST-like invariance generated by the
nilpotent operator Q = λαdα where dα is the d=11 supersymmetric derivative and λ
α
is a d=11 pure spinor satisfying λΓcλ = 0 for c = 1 to 11. Using the results of the
appendix where the zero momentum cohomology of Q is explicitly computed, it is argued
that the complete cohomology of Q describes linearized d=11 supergravity 5. As in the
super-Maxwell action constructed using the N=1 d=10 superparticle, the linearized d=11
supergravity action can be constructed as
∫
d11x〈ΨQΨ〉 where Ψ(λ, x, θ) is a quantum-
mechanical wavefunction depending on the d=11 pure spinor and superspace variables, and
〈 〉 is a suitably defined norm of ghost number seven. At ghost number three, Ψ(λ, x, θ) =
λαλβλγAαβγ(x, θ) where Aαβγ(x, θ) describes the linearized d=11 supergravity fields, and
at other ghost numbers, Ψ describes the linearized d=11 supergravity ghosts, antifields and
antighosts. The fact that d=11 supergravity fields carry ghost number three is explained
by their coupling to the three-dimensional worldvolume of the supermembrane, while the
ghost number one super-Maxwell fields and ghost number two Type II supergravity fields
couple respectively to the one-dimensional superparticle worldline and two-dimensional
superstring worldsheet.
When P11 = 0, the d=11 superparticle BRST operator reduces to Q = QL + QR
where QL and QR are the N=2 d=10 superparticle BRST operators, and the physical
spectrum is linearized Type IIA supergravity without the zero momentum problems that
were encountered using the N=2 d=10 superparticle. This is possible since the b0L − b0R
constraint is imposed in the d=11 superparticle by the eleventh component of the pure
spinor constraint, λΓ11λ = 0, which is not present in the N=2 d=10 superparticle.
In section 5, covariant quantization of the N=2 d=10 superparticle is generalized to
the Type II superstring by extending the pure spinor and N=2 d=10 superspace variables
to worldsheet fields. After reviewing the pure spinor version of the closed superstring
action in a flat background, a BRST-invariant action is constructed in a curved Type II
supergravity background where the left and right-moving BRST operators, QL =
∮
λµLdLµ
and QR =
∮
λµˆRdRµˆ, are conserved and nilpotent when the curved background is on-shell
[21].
5 The cohomology of Q was independently computed in [20], which appeared a few months
before this preprint was written. I would like to thank Paul Howe for bringing reference [20] to
my attention.
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The integrated form of the closed superstring massless vertex operator is the linearized
contribution of the curved background to the superstring action, and the unintegrated form
of the massless vertex operator is the N=2 superparticle wavefunction Ψ(λL, λR, x, θL, θR).
Using the left-right product of the zero mode normalization of the N=1 d=10 superparticle,
one can compute Type II superstring massless tree amplitudes in a manifestly super-
Poincare´ covariant manner by evaluating the correlation function of these integrated and
unintegrated massless vertex operators on a string worldsheet. In a flat background, the
pure spinor version of the superstring action is quadratic, so these correlation functions
can easily be evaluated using the free field OPE’s of the worldsheet variables.
Finally, in section 6, a pure spinor version of the d=11 supermembrane action is
constructed where kappa symmetry is replaced by a BRST-like invariance generated byQ =∮
λαdα and λ
α and dα are now worldvolume variables. This supermembrane action reduces
to the pure spinor version of the d=11 superparticle action when the membrane tension
becomes infinite, and reduces to the pure spinor version of the Type IIA superstring action
when the eleventh dimension is compactified on an infinitesimally small circle keeping the
string tension constant. The supermembrane action is then generalized to a curved d=11
supergravity background where the BRST operator Q =
∮
λαdα is nilpotent and conserved
when the background is on-shell.
As in the superstring, the integrated form of the massless supermembrane vertex
operator is the linearized contribution of the curved background to the action, and the
unintegrated form of the massless supermembrane vertex operator is the d=11 superpar-
ticle wavefunction Ψ(λ, x, θ). Using the same zero mode normalization as in the d=11
superparticle, one can formally define supermembrane scattering amplitudes as correlation
function of these integrated and unintegrated vertex operators on a membrane worldvol-
ume. Although the supermembrane action is not quadratic in a flat background, it might
be possible to compute these correlation functions using a perturbative expansion in the
inverse of the membrane tension. Note that unlike superstring scattering amplitudes, one
does not expect a genus expansion for supermembrane scattering amplitudes since there is
no coupling of worldvolume curvature to a spacetime field in the supermembrane action.
In section 7, a conjecture is made that these supermembrane scattering amplitudes are
M-theory scattering amplitudes which, after compactification of the eleventh dimension
on a circle whose radius depends on the string coupling constant, reproduce Type IIA
superstring scattering amplitudes. Since the perturbative expansion in the membrane
tension preserves manifest d=11 super-Poincare´ covariance, these scattering amplitudes
would contain non-perturbative information about the Type IIA superstring which might
be useful for studying M-theory.
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2. Covariant Quantization of the N=1 d=10 Superparticle
Since the d=11 superparticle has a simpler action than the d=11 supermembrane,
it will be useful to explain how to covariantly quantize the d=11 superparticle before
discussing the supermembrane. The quantization method is similar to the method used in
[13] for quantizing the N=1 d=10 superparticle, which will be reviewed first.
2.1. Standard description of the N=1 d=10 superparticle
The standard action for the N=1 d=10 superparticle is [22]
S =
∫
dτ(PmΠ
m + ePmPm) (2.1)
where
Πm = x˙m +
i
2
θµγmµν θ˙
ν , (2.2)
m = 1 to 10 is the SO(9,1) vector index with x10 as the time coordinate, µ = 1 to 16 is
the SO(9,1) Majorana-Weyl spinor index, Pm is the canonical momentum for x
m, and e is
the Lagrange multiplier which enforces the mass-shell condition. The gamma matrices γmµν
and γmµν are 16×16 symmetric matrices which satisfy γ(mµν γn) νρ = 2ηmnδρµ. Upper spinor
indices will denote Weyl d=10 spinors whereas lower spinor indices will denote anti-Weyl
d=10 spinors. In terms of the standard 32 × 32 d=10 Γ-matrices satisfying {Γm,Γn} =
2ηmn, γmµν and γ
mµν are the off-diagonal blocks of Γm in the Weyl representation. Note
that any d=10 antisymmetric bispinor f [µν] can be written in terms of a three-form as
f [µν] = (γmnp)
µνfmnp, and any d=10 symmetric bispinor g(µν) can be decomposed into
a one-form and five-form as g(µν) = γµνm g
m + (γmnpqr)
µνgmnpqr. Furthermore, the d=10
gamma matrices satisfy the identity ηmnγ
m
(µνγ
n
ρ)σ = 0.
The action of (2.1) is invariant under the global N=1 d=10 spacetime-supersymmetry
transformations
δθµ = ǫµ, δxm =
i
2
θγmǫ, δPm = δe = 0, (2.3)
and under the local kappa transformations [11]
δθµ = Pm(γmκ)
µ, δxm = − i
2
θγmδθ, δPm = 0, δe = iθ˙
νκν . (2.4)
The canonical momentum to θµ, which will be called pµ, satisfies
pµ = ∂L/∂θ˙
µ =
i
2
Pm(γmθ)µ,
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so canonical quantization requires that physical states are annihilated by the sixteen
fermionic Dirac constraints defined by
dµ = pµ − i
2
Pm(γ
mθ)µ. (2.5)
Since {pµ, θν} = −iδνµ, these constraints satisfy the Poisson brackets
{dµ, dν} = −Pmγmµν , (2.6)
and since PmPm = 0 is also a constraint, eight of the sixteen Dirac constraints are first-
class and eight are second-class. One can easily check that the eight first-class Dirac
constraints generate the kappa transformations of (2.4), however, there is no simple way
to covariantly separate out the second-class constraints.
Although one cannot covariantly quantize the action of (2.1), one can classically couple
the superparticle to a super-Maxwell background using the action
Ŝ =
∫
dτ [PmΠ
m + ePmPm + q(θ˙
µAµ(x, θ) + Π
mAm(x, θ))] (2.7)
where Aµ and Am are the spinor and vector super-Maxwell gauge superfields and q is the
charge of the superparticle. The action of (2.7) is invariant under spacetime supersymmetry
and under the background gauge transformations δAµ = DµΛ and δAm = ∂mΛ where
Dµ =
∂
∂θµ
+ i2(γ
mθ)µ∂m. And if the kappa transformations of (2.4) are modified to
δθµ = Pm(γmκ)
µ, δxm = − i
2
θγmδθ, δPm = −qδθγmW, δe = i(θ˙ν + 2ieqW ν)κν
(2.8)
where Wµ = 1
10
γmµν(DνAm−∂mAν) is the super-Maxwell spinor field strength superfield
[23], the action of (2.7) is invariant under (2.8) when Aµ and Am satisfy the super-Maxwell
equations of motion DµAν +DνAµ = iγ
m
µνAm.
2.2. Pure spinor description of the N=1 d=10 superparticle
Instead of using the standard superparticle action of (2.1), the pure spinor formalism
for the N=1 d=10 superparticle uses the quadratic action [13]
Spure =
∫
dτ(Pmx˙
m + pµθ˙
µ + wµλ˙
µ − 1
2
PmPm) (2.9)
where pµ is now an independent variable [24], λ
µ is a pure spinor ghost variable satisfying
λγmλ = 0 for m = 1 to 10, (2.10)
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and wµ is the canonical momentum to λ
µ which is defined up to the gauge transformation
δwµ = (γ
mλ)µΛm (2.11)
for arbitrary gauge parameters Λm. One can easily show using a U(5) decomposition of
a Wick-rotated SO(10) spinor that the constraint of (2.10) and the gauge transformation
of wµ imply that λ
µ and wµ each contain eleven independent components.
6 The action of
(2.9) can be written in manifestly spacetime supersymmetric notation as
Spure =
∫
dτ(PmΠ
m + dµθ˙
µ + wµλ˙
µ − 1
2
PmPm) (2.12)
where Πm and dµ are defined as in (2.2) and (2.5). Note that dµ is defined to be invariant
under spacetime supersymmetry, so pµ should be defined to transform as δpµ =
i
2Pm(γ
mǫ)µ
under (2.3).
To obtain the correct physical spectrum, the action of (2.9) needs to be supplemented
with the constraint that physical states are in the cohomology of the BRST-like operator
Q = λµdµ. (2.13)
Note that Q2 = 0 using (2.10) and (2.6), and carries ghost-number +1 if λµ and wµ are
defined to carry ghost-number +1 and −1 respectively. Although it is not yet understood
how to obtain Q from gauge-fixing a reparameterization invariant action, it is straightfor-
ward to covariantly quantize the superparticle using this BRST operator and check that
one obtains the correct spectrum.
Unlike the usual particle action where the mass-shell condition comes from the repa-
rameterization constraint PmP
m = 0, the mass-shell condition in the pure spinor formalism
is implied indirectly by the Q = λµdµ constraint. Furthermore, the gauge invariances gen-
erated by Q replace the kappa transformations of (2.4) which are not a symmetry of (2.9).
Although light-cone gauge fixing is more subtle in the pure spinor formalism than in the
usual formalism, one can check that the correct counting of light-cone variables can be ob-
tained by using the pure spinor ghost variables to cancel the non-physical matter variables.
The 22 independent bosonic ghost variables of λµ and wµ cancel 22 of the 32 fermionic vari-
ables of θµ and pµ, leaving ten fermionic variables. Two of these ten fermionic variables act
as the missing (b, c) reparameterization ghosts and cancel the longtitudinal components of
xm and Pm. The remaining eight fermionic variables are the physical light-cone fermionic
variables.
6 Although the eleven independent components of λµ must be complex in order to satisfy
(2.10), their complex conjugates λµ never appear in the pure spinor formalism and can therefore
be ignored.
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2.3. BRST description of super-Maxwell theory
Using the BRST quantization method, the cohomology of the BRST operator Q at
a fixed ghost number should reproduce the physical fields in the spectrum. Furthermore,
the structure of BRST transformations implies that if the ghost number of physical fields
is defined to be G, the states at ghost number less than G describe spacetime ghosts,
the states at ghost number G + 1 describe spacetime antifields, and the states at ghost
number greater than G+ 1 describe spacetime antighosts. This structure comes from the
fact that the BRST transformation of a field is its gauge transformation using a ghost as
the gauge parameter, the BRST transformation of an antifield is the equation of motion of
the corresponding field, and the BRST transformation of an antighost is the gauge-fixing
condition acting on the antifield. As will now be reviewed, the cohomology of the BRST
operator Q = λµdµ for the N=1 d=10 superparticle correctly reproduces these states for
N=1 d=10 super-Maxwell theory where the ghost number of physical fields is defined to
be G = 1.
At ghost-number one, the states in the N=1 d=10 superparticle Hilbert space are
described by the wavefunction
Ψ(λ, x, θ) = λµAµ(x, θ) (2.14)
where Aµ(x, θ) is a spinor superfield. Since λ
µλν is proportional to (γmnpqr)
µνλγmnpqrλ,
QΨ = λµλνDνAµ = 0 (2.15)
implies that
(γmnpqr)
µνDµAν = 0 (2.16)
where Dµ =
∂
∂θµ
+ i
2
(γmθ)µ∂m is the N=1 d=10 supersymmetric derivative and mnpqr is
any five-form direction. And
δΨ = QΛ = λµDµΛ (2.17)
implies the gauge transformation
δAµ(x, θ) = DµΛ(x, θ). (2.18)
(2.16) and (2.18) are the N=1 d=10 super-Maxwell equations of motion and gauge invari-
ances written in terms of the spinor gauge superfield Aµ(x, θ). To see this, one can expand
Aµ(x, θ) in components as
Aµ(x, θ) = fµ(x) + fµν(x)θ
ν + fµνρ(x)θ
νθρ + .... (2.19)
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Using the gauge invariance and equations of motion of (2.17) and (2.16), one can set
fµ(x) = 0, fµν(x) = γ
m
µνam(x), fµνρ(x) = ηmnγ
m
µ[νγ
n
ρ]σχ
σ(x), (2.20)
and all higher components of Aµ(x, θ) to be proportional to am(x) and χ
ρ(x), where
am(x) and χ
ρ(x) are the photon and photino satisfying the equations of motion and gauge
invariances
∂m∂[man] = ∂
m(γmχ)µ = 0, δam = ∂mω. (2.21)
So the cohomology of λµdµ at ghost number one reproduces the physical super-
Maxwell fields. To check that the cohomology at other ghost numbers correctly reproduces
the super-Maxwell ghosts, antifields, and antighosts, it is convenient to first compute the
cohomology at zero momentum. As shown in the appendix of [13], the cohomology of
Q = λµdµ at zero momentum is equivalent to the cohomology of
Q˜ = λ˜µpµ + (λ˜γ
mλ˜)b(−1)m + c
m
(1)(λ˜γm)µu
µ
(−1) + (λ˜γmλ˜)(b
µ
(−2)γ
m
µνv
ν
(1)) (2.22)
−2(b(−2)µλ˜µ)(v(1)ν λ˜ν) + cµ(2)(γmλ˜)µum(−2) + (λ˜γmλ˜)v(2)mb(−3),
where λ˜µ is an unconstrained spinor and [b(−n), c(n)] and [u(−n), v(n)] are new fermionic
and bosonic pairs of conjugate variables of ghost number [−n, n] which cancel the effect
of removing the pure spinor constraint on λµ.7 The term b(−1)m(λ˜γmλ˜) replaces the
pure spinor constraint, and the other terms in Q˜ are needed to eliminate the extra gauge
invariances implied by this constraint. For example, since b(−1)m(λ˜γmλ˜) is invariant under
δb(−1)m = λ˜γmf , one needs to include the term cm(1)(λ˜γm)µu
µ
(−1). And since this term
is invariant under δuµ(−1) = (λ˜γmλ˜)(γ
mf)µ − 2λ˜µ(λ˜νfν), one needs to include the term
(λ˜γmλ˜)(b
µ
(−2)γ
m
µνv
ν
(1))− 2(b(−2)µλ˜µ)(v(1)ν λ˜ν).
Since λ˜µ is unconstrained, it is easy to compute the zero-momentum cohomology of
Q˜ at arbitrary ghost number. One finds that the states in the cohomology are in one-to-
one correspondence with the variables [1, cm(1), v(1)µ, c
µ
(2), v(2)m, c(3)]. So there is a scalar
spacetime ghost at ghost number zero, a vector and spinor field at ghost number one,
a spinor and vector antifield at ghost number two, and a scalar spacetime antighost at
7 This approach of adding new variables and removing the pure spinor constraint was recently
used to quantize the superstring in [25]. However, at non-zero momentum, this approach leads to
complications which makes it usefulness unclear. For example, one needs to include a term cm(1)Pm
in (2.22) which naively puts a constraint on the momentum Pm.
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ghost number three. This reproduces the desired BRST structure of super-Maxwell theory
since the only gauge field is the photon which implies a single scalar ghost. Using the
map between Q and Q˜, one finds that the corresponding states in the zero-momentum
cohomology of Q with constrained λµ are given by
Ψ(λ, θ) = ω + (λγmθ)am + (λγ
mθ)(θγmχ) + (λγ
mθ)(λγnθ)(θγmnχ
∗) (2.23)
+(λγmθ)(λγnθ)(θγmnpθ)a
∗p + (λγmθ)(λγnθ)(λγpθ)(θγmnpθ)ω∗
where ω is the spacetime ghost, am and χ
µ are the fields, χ∗µ and a
∗p are the antifields,
and ω∗ is the antighost.
The cohomology of Q at non-zero momentum can be obtained by finding the con-
straints on these component fields implied by QΨ = 0 and δΨ = QΛ. One finds that ω
and ω∗ have trivial cohomology at non-zero momentum whereas a∗p and χ∗µ satisfy the
equations of motion and gauge invariances
∂pa
∗p = 0, δa∗m = ∂
n∂[mσn], δχ
∗
µ = ∂
q(γqξ)µ. (2.24)
As expected, the gauge invariances and equations of motion of the super-Maxwell antifields
are related to the equations of motion and gauge invariances of the super-Maxwell fields
of (2.21).
Using the wave function Ψ and the BRST operator Q = λµdµ, one can construct the
spacetime action8
S =
∫
d10x〈ΨQΨ〉 (2.25)
where the norm 〈 〉 is defined such that
〈(λγmθ)(λγnθ)(λγpθ)(θγmnpθ)〉 = 1. (2.26)
Since (λγmθ)(λγnθ)(λγpθ)(θγmnpθ) is the antighost state in (2.23) which cannot be written
as QΛ for any Λ, the action of (2.25) is gauge invariant under δΨ = QΛ. Furthermore,
the equations of motion from varying Ψ in (2.25) imply that QΨ = 0 for components in
QΨ involving up to five θ’s. Although the manifestly supersymmetric equations of motion
require that QΨ = 0 for all components of QΨ, one can check that any component of
8 This action was first proposed to me by John Schwarz and Edward Witten [26] and generalizes
to the super-Yang-Mills action S = 1
g2
∫
d10xTr〈ΨQΨ+ 2
3
Ψ3〉. However, there does not appear to
be a non-abelian generalization for the analogous action constructed using the d=11 superparticle.
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QΨ = 0 with more than five θ’s is an auxiliary equation of motion which does not affect
physical fields. So removing these auxiliary equations of motion changes auxiliary fields to
gauge fields, but does not change the physical content of the theory.
So the action of (2.25) reproduces the Batalin-Vilkovisky action for super-Maxwell
theory and, if Ψ is restricted to ghost number one, (2.25) reproduces the standard super-
Maxwell action. Note that the norm of (2.26) only involves integration over five of the
sixteen θµ variables and therefore resembles a harmonic superspace. Since there are eleven
independent bosonic λµ variables, one can interpret this integration over five θ’s as coming
from a cancellation between the λµ integration and the integration over eleven of the
sixteen θµ variables.
2.4. Coupling the superparticle to a super-Maxwell background
To couple the pure spinor version of the superparticle action of (2.9) to a super-
Maxwell background in a BRST-invariant manner, it is convenient to use the Oda-Tonin
method of [27] in which one first computes the BRST variation of the standard super-
particle action in a super-Maxwell background of (2.7). Under the BRST transformation
generated by Q = λµdµ,
Qθµ = λµ, Qxm =
i
2
λγmθ, Qdµ = −iΠm(γmλ)µ, Qwµ = dµ, (2.27)
where the auxiliary equation of motion Pm = Πm has been used. One can check that
Q2 annihilates all variables except for wµ, which satisfies Q
2wµ = −iΠm(γmλ)µ. This is
consistent with the nilpotency of Q since δwµ = −iΠm(γmλ)µ is a gauge transformation
of (2.11) with gauge parameter Λm = −iΠm.
After fixing the reparameterization gauge e = −12 and using the auxiliary equation of
motion for Pm, the standard superparticle action in a super-Maxwell background of (2.7)
transforms under (2.27) as
QŜ = i
∫
dτ(θ˙µ − iqWµ)(γmλ)µΠm (2.28)
when the background superfields are on-shell. So if one adds the term
S′ =
∫
dτ Q[(θ˙µ − iqWµ)wµ] (2.29)
to the standard action,
Q(Ŝ + S′) = QŜ +
∫
dτ Q2[(θ˙µ− iqWµ)wµ] = QŜ +
∫
dτ(θ˙µ − iqWµ)Q2wµ = 0. (2.30)
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Therefore, the BRST invariant action for the N=1 d=10 superparticle in a super-Maxwell
background is
Ŝpure = Ŝ + S
′ (2.31)
=
∫
dτ [
1
2
ΠmΠm + dµθ˙
µ + wµλ˙
µ + q(θ˙µAµ +Π
mAm − idµWµ − i(λγmnw)Fmn)]
where QWµ = λνDνW = λ
ν(γmn)ν
µFmn and Fmn is the super-Maxwell superfield whose
lowest component is the vector field strength.
Furthermore, one can check that the integrand of the super-Maxwell interaction term,
V = θ˙µAµ +Π
mAm − idµWµ − i(λγmnw)Fmn, (2.32)
satisfies QV = d
dτ
(λµAµ), which is the expected relation between the integrated super-
Maxwell vertex operator and the unintegrated ghost number one vertex operator Ψ =
λµAµ. Open superstring massless tree amplitudes can be computed in a manifestly super-
Poincare´ covariant manner by evaluating the correlation function of these integrated and
unintegrated super-Maxwell vertex operators on the one-dimensional boundary of an open
superstring worldsheet. By taking the tension of the string to infinity, these amplitudes
reduce to N=1 d=10 supersymmetric Born-Infeld scattering amplitudes. To compute an
N-point tree amplitude, one needs three unintegrated vertex operators and N-3 integrated
vertex operators, and the normalization for the zero modes is defined as in (2.26) which,
as desired, is non-vanishing for ghost number three. Furthermore, since the ghost number
three antighost state of (2.26) is in the cohomology of Q and is not the supersymmetric
variation of any state in the cohomology of Q, this normalization definition is manifestly
gauge invariant and supersymmetric.
3. Covariant Quantization of the N=2 d=10 Superparticle
Before quantizing the d=11 superparticle, it will be useful to discuss the N=2 d=10
superparticle. Since the N=2 d=10 superparticle describes the zero modes of the Type
II superstring, its quantization is expected to describe a linearized version of Type II
supergravity.
As will be seen in this section, there are subtleties at zero momentum with quantizing
the N=2 d=10 superparticle which are related to subtleties with quantizing the Type
II superstring. Recall that there is a left and right-moving set of (bL, cL) and (bR, cR)
ghosts in closed string theory, and states in the closed string cohomology are required
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to be annihilated by both QL + QR and by the zero mode b
0
L − b0R. The absence of
reparameterization ghosts in the pure spinor formalism makes it difficult to impose the
b0L − b0R condition, which is related to the difficulty in constructing a kinetic term for
closed superstring field theory. Remarkably, these subtleties will be resolved for the Type
IIA superparticle in section 4 by taking the P11 = 0 limit of the d=11 superparticle. The
fact that these subtleties are not resolved for the Type IIB superparticle is not surprising
because of the self-dual five-form field strength in the Type IIB supergravity spectrum.
3.1. Standard description of the N=2 d=10 superparticle
The standard action for the N=2 d=10 superparticle is
S =
∫
dτ(PmΠ
m + ePmPm) (3.1)
where
Πm = x˙m +
i
2
θµLγ
m
µν θ˙
ν
L +
i
2
θµˆRγ
m
µˆνˆ θ˙
νˆ
R, (3.2)
m = 1 to 10, µ = 1 to 16, µˆ = 1 to 16, and (θµL, θ
µˆ
R) are the Type II fermionic superspace
variables. For the Type IIA superparticle, µ and µˆ denote spinors of opposite chirality,
while for the Type IIB superparticle, µ and µˆ denote spinors of the same chirality.
The action of (3.1) is invariant under the global N=2 d=10 spacetime-supersymmetry
transformations
δθµL = ǫ
µ
L, δθ
µˆ
R = ǫ
µˆ
R, δx
m =
i
2
(θLγ
mǫL + θRγ
mǫR), δPm = δe = 0, (3.3)
and under the local kappa transformations
δθµL = P
m(γmκL)
µ, δθµˆR = P
m(γmκR)
µˆ, δxm = − i
2
(θLγ
mδθL + θRγ
mδθR), (3.4)
δPm = 0, δe = i(θ˙
ν
LκLν + θ˙
νˆ
RκRνˆ).
The canonical momenta to θµL and θ
µˆ
R, which will be called pLµ and pRµˆ, satisfy
pLµ = ∂L/∂θ˙
µ
L =
i
2
Pm(γmθL)µ, pRµˆ = ∂L/∂θ˙
µˆ
R =
i
2
Pm(γmθR)µˆ,
so canonical quantization requires that physical states are annihilated by the 32 fermionic
Dirac constraints defined by
dLµ = pLµ − i
2
Pm(γ
mθL)µ, dRµˆ = pRµˆ − i
2
Pm(γ
mθR)µˆ. (3.5)
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Since {pLµ, θνL} = −iδνµ and {pRµˆ, θνˆR} = −iδνˆµˆ, these constraints satisfy the Poisson brack-
ets
{dLµ, dLν} = −Pmγmµν , {dRµˆ, dRνˆ} = −Pmγmµˆνˆ , {dLµ, dRνˆ} = 0, (3.6)
and since PmPm = 0 is also a constraint, 16 of the 32 Dirac constraints are first-class and
16 are second-class. One can easily check that the 16 first-class Dirac constraints generate
the kappa transformations of (3.4), however, there is no simple way to covariantly separate
out the second-class constraints.
3.2. Pure spinor description of the N=2 d=10 superparticle
Instead of using the standard N=2 superparticle action of (3.1), the pure spinor for-
malism for the N=2 d=10 superparticle uses the quadratic action
Spure =
∫
dτ(Pmx˙
m + pLµθ˙
µ
L + pRµˆθ˙
µˆ
R + wLµλ˙
µ
L + wRµˆλ˙
µˆ
R −
1
2
PmPm) (3.7)
where pLµ and pRµˆ are now independent variables, λ
µ
L and λ
µˆ
R are pure spinor ghost
variables satisfying
λLγ
mλL = 0 and λRγ
mλR = 0 for m = 1 to 10, (3.8)
and wLµ and wRµˆ are defined up to the gauge transformations
δwLµ = (γ
mλL)µΛLm, δwRµˆ = (γ
mλR)µˆΛRm, (3.9)
for arbitrary gauge parameters ΛLm and ΛRm. The action of (3.7) can be written in
manifestly spacetime supersymmetric notation as
Spure =
∫
dτ(PmΠ
m + dLµθ˙
µ
L + dRµˆθ˙
µˆ
R + wLµλ˙
µ
L + wRµˆλ˙
µˆ
R −
1
2
PmPm) (3.10)
where Πm, dLµ and dRµˆ are defined as in (3.2) and (3.5).
To obtain the correct physical spectrum, the action of (3.7) will be supplemented
with the constraint that physical states are in the cohomology of the left and right-moving
BRST-like operators
QL = λ
µ
LdLµ and QR = λ
µˆ
RdRµˆ. (3.11)
In other words, physical states Ψ will be defined by the equations of motion and gauge
invariances
QLΨ = QRΨ = 0, δΨ = QLΛL +QRΛR, (3.12)
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where the gauge parameters ΛL and ΛR are constrained to satisfy QRΛL = QLΛR =
0. As will now be shown, this definition of physical states at (left,right) ghost number
(1, 1) and non-zero momentum reproduces the correct linearized Type II supergravity
spectrum. However, at zero momentum, the definition of (3.12) omits certain states in the
supergravity spectrum. As will be explained below, this is caused by the absence of the
N=2 superparticle analog of the b0L − b0R constraint for the Type II superstring.
Note that in light-cone gauge, the 44 independent (λµL, λ
µˆ
R) and (wLµ, wRµˆ) bosonic
ghost variables cancel 44 of the 64 fermionic (θµL, θ
µˆ
R) and (pLµ, pRµˆ) variables, leaving
twenty fermionic variables. Two of these twenty fermionic variables act as the missing
(b, c) reparameterization ghosts and cancel the longtitudinal components of xm and Pm.
However, besides the sixteen physical light-cone fermionic variables, there are still two extra
fermionic variables which need to be eliminated. These two extra fermionic variables are
the N=2 superparticle analog of the (bL−bR, cL−cR) zero modes in the closed superstring.
3.3. BRST description of linearized Type II supergravity at non-zero momentum
Since QL and QR are constructed from independent variables, the physical states de-
fined by (3.12) for the N=2 superparticle are described by the “left-right” product of two
N=1 superparticle physical states. At (left,right) ghost number (1, 1), the N=2 superpar-
ticle wavefunction
Ψ(λL, λR, x, θL, θR) = λ
µ
Lλ
νˆ
RAµνˆ(x, θL, θR) (3.13)
is physical if Aµνˆ satisfies
(γmnpqr)
ρµDLρAµνˆ = (γmnpqr)
ρˆνˆDRρˆAµνˆ = 0 (3.14)
with the gauge invariances
δAµνˆ = DLµΛLνˆ +DRνˆΛRµ where (γmnpqr)
ρˆµˆDRρˆΛLµˆ = (γmnpqr)
ρµDLρΛRµ = 0,
(3.15)
and
DLµ =
∂
∂θµL
+
i
2
(γmθL)µ∂m, DRµˆ =
∂
∂θµˆR
+
i
2
(γmθR)µˆ∂m, (3.16)
are the N=2 d=10 supersymmetric derivatives.
In components, (3.14) and (3.15) imply that the physical states of the N=2 superpar-
ticle are described by left-right product of super-Maxwell photons and photinos. That is,
at ghost number (1, 1)
Ψ(λL, λR, x, θL, θR) = (λLγ
mθL)(λRγ
nθR)amn(x) (3.17)
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+(λLγ
mθL)(λRγ
nθR)(θRγn)µˆχ
µˆ
Lm(x) + (λLγ
mθL)(θLγm)µ(λRγ
nθR)χ
µ
Rn(x)
+(λLγ
mθL)(θLγm)µ(λRγ
nθR)(θRγn)νˆF
µνˆ(x) + ...
where the higher components in ... can be expressed in terms of amn, χ
µˆ
Lm, χ
µ
Rn and F
µνˆ .
Furthermore, these fields satisfy the equations of motion
∂m(∂manp − ∂namp) = ∂m(∂manp − ∂panm) = 0, (3.18)
∂m∂[mχ
µˆ
Ln] = γ
m
µˆνˆ∂mχ
νˆ
Ln = 0, ∂
m∂[mχ
µ
Rn] = γ
m
µν∂mχ
ν
Rn = 0,
γmµˆνˆ∂mF
ρνˆ = γmµν∂mF
νρˆ = 0,
and gauge invariances
δamn = ∂mωLn + ∂nωRm, δχ
µˆ
Lm = ∂mσ
µˆ
L, δχ
µ
Rm = ∂mσ
µ
R, (3.19)
where the gauge parameters satisfy
∂m∂[mωLn] = ∂
m∂[mωRn] = γ
m
µˆνˆ∂mσ
νˆ
L = γ
m
µν∂mσ
ν
R = 0. (3.20)
If one chooses the Lorentz gauge
∂mamn = ∂
namn = ∂
mχµˆLm = ∂
mχµRm = 0, (3.21)
the equations of motion and gauge invariances of (3.18) and (3.19) are those of linearized
Type II supergravity where amn = hmn + bmn + ηmnφ describes the symmetric traceless
graviton hmn, antisymmetric two-form bmn and dilaton φ, where χ
µˆ
Lm = ρ
µˆ
Lm + γ
µˆνˆ
m ξLνˆ
and χµRm = ρ
µ
Rm + γ
µν
m ξRν describe the N=2 gamma-matrix traceless gravitini [ρ
µˆ
Lm, ρ
µ
Rm]
and dilatini [ξLνˆ, ξRν ], and where F
µνˆ describes the Ramond-Ramond field strengths.
So at non-zero momentum, where Lorentz gauge is possible, the ghost number
(1, 1) fields in Ψ correctly describe the linearized Type II supergravity fields. How-
ever, at zero momentum, not all the physical Type II supergravity fields are included
in (amn, χ
µˆ
Lm, χ
µ
Rm, F
µνˆ). For example, both the dilaton and the trace of the metric are
physical scalars at zero momentum, but amn only contains one scalar. Similarly, the
Ramond-Ramond gauge fields at zero momentum are not described by Fµνˆ . The ab-
sence of these zero momentum fields prevents the construction of a Type II supergravity
kinetic term which would be the N=2 superparticle analog of the super-Maxwell action
constructed in (2.25).
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As mentioned earlier, this problem is related to the absence of the b0L−b0R constraint in
the pure spinor formalism. In closed string field theory, the correct definition of physical
states uses the BRST cohomology of Q = QL + QR, together with the constraint that
states are annihilated by b0L − b0R. Although this definition agrees with (3.12) at non-zero
momentum, it does not agree with (3.12) at zero momentum. Although it will not be
possible to impose the b0L − b0R constraint for the N=2 d=10 superparticle, it will now be
shown that this constraint is naturally imposed when one quantizes the d=11 superparticle
using pure spinors.
4. Covariant Quantization of the d=11 Superparticle
In this section, the d=11 superparticle will be covariantly quantized in a manner which
allows a BRST description of linearized d=11 supergravity.
4.1. Standard description of the d=11 superparticle
The standard action for the d=11 superparticle is
S =
∫
dτ(PcΠ
c + eP cPc) (4.1)
where
Πc = x˙c +
i
2
θαΓcαβ θ˙
β, (4.2)
c = 1 to 11 is the SO(10,1) vector index with x10 as the time coordinate, and α = 1 to 32 is
the SO(10,1) spinor index. The d=11 gamma matrices Γcαβ are 32×32 symmetric matrices
which satisfy Γ
(c
αβΓ
d) βγ = 2ηcdδγα. In d=11, spinor indices can be raised and lowered using
the antisymmetric metric tensor Cαβ and its inverse C−1αβ . For example, Γ
cαβ = CαδΓcβδ =
CαδCβγΓcδγ . Note that any d=11 antisymmetric bispinor f
[αβ] can be decomposed into a
scalar, three-form, and four-form as f [αβ] = Cαβf+(Γbcd)
αβf bcd+(Γbcde)
αβf bcde, and any
d=11 symmetric bispinor g(αβ) can be decomposed into a one-form, two-form and five-form
as g(αβ) = Γαβc g
c+(Γcd)
αβgcd+(Γbcdef )
αβgbcdef . Furthermore, the d=11 gamma matrices
satisfy the identity ηbcΓ
b
(αβΓ
cd
γδ) = 0.
The action of (4.1) is invariant under the global d=11 spacetime-supersymmetry trans-
formations
δθα = ǫα, δxc =
i
2
θΓcǫ, δPc = δe = 0, (4.3)
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and under the local kappa transformations
δθα = P c(Γcκ)
α, δxc = − i
2
θΓcδθ, δPc = 0, δe = iθ˙
ακα. (4.4)
The canonical momentum to θα, which will be called pα, satisfies
pα = ∂L/∂θ˙
α =
i
2
P c(Γcθ)α,
so canonical quantization requires that physical states are annihilated by the 32 fermionic
Dirac constraints defined by
dα = pα − i
2
Pc(Γ
cθ)α. (4.5)
Since {pα, θβ} = −iδβα, these constraints satisfy the Poisson brackets
{dα, dβ} = −PcΓcαβ , (4.6)
and since P cPc = 0 is also a constraint, 16 of the 32 Dirac constraints are first-class and
16 are second-class. One can easily check that the 16 first-class Dirac constraints generate
the kappa transformations of (4.4), however, there is no simple way to covariantly separate
out the second-class constraints.
4.2. Pure spinor description of the d=11 superparticle
At P11 = 0, the action of (4.1) reduces to the standard Type IIA N=2 superparticle
action of (3.1) where θµL =
1√
2
(1 + Γ11)µαθ
α and θµˆR =
1√
2
(1 − Γ11)µˆαθα. This suggests
constructing a new pure spinor version of the d=11 superparticle action which instead
reduces at P11 = 0 to the Type IIA N=2 superparticle action of (3.7). This pure spinor
version of the d=11 superparticle action will be defined as the quadratic action
Spure =
∫
dτ(Pcx˙
c + pαθ˙
α + wαλ˙
α − 1
2
P cPc) (4.7)
where pα is an independent variable, λ
α is an SO(10,1) pure spinor ghost variable satisfying
λΓcλ = 0 for c = 1 to 11, (4.8)
and wα is the canonical momentum to λ
α which is defined up to the gauge transformation
δwα = (Γ
cλ)αΛc (4.9)
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for arbitrary gauge parameter Λc.
With the exception of the d=11 pure spinor constraint of (4.8), the action of (4.7)
reduces when P11 = 0 to the Type IIA N=2 superparticle action of (3.7) where
θµL =
1√
2
(1 + Γ11)µαθ
α, θµˆR =
1√
2
(1− Γ11)µˆαθα, (4.10)
pLµ =
1√
2
(1− Γ11)αµpα, pRµˆ =
1√
2
(1 + Γ11)αµˆpα,
λµL =
1√
2
(1 + Γ11)µαλ
α, λµˆR =
1√
2
(1− Γ11)µˆαλα,
wLµ =
1√
2
(1− Γ11)αµwα, wRµˆ =
1√
2
(1 + Γ11)αµˆwα.
However, the d=11 pure spinor constraint λΓcλ = 0 does not reduce to the N=2 d=10 pure
spinor constraints λLγ
mλL = λRγ
mλR = 0 of (3.8). As will now be shown, the difference
between these constraints resolves the difficulties discussed in the previous subsection for
quantization of the Type IIA N=2 superparticle.
After decomposing λα into λµL and λRµ, the constraint λΓ
cλ = 0 for c = 1 to 11
implies that
λΓmλ = λLγ
mλL + λRγ
mλR = 0 for m = 1 to 10, (4.11)
λΓ11λ = λµLλRµ = 0.
The first line of (4.11) is obviously satisfied when λLγ
mλL = λRγ
mλR = 0, however, the
second line is new and is not implied by (3.8).
Note that when λΓ11λ is non-zero, the constraint λΓmλ = 0 implies that
λΓmΓ11λ = λLγ
mλL − λRγmλR = 0 for m = 1 to 10, (4.12)
which are the remaining constraints of (3.8). To prove this, use the d=11 identity
ηdeΓ
cd
(αβΓ
e
γδ) = 0 to argue that
(λΓc 11λ)(λΓ11λ) = −(λΓcmλ)(λΓmλ). (4.13)
So when λΓmλ = 0, either λΓc 11λ or λΓ11λ must vanish. In the N=2 d=10 superparticle
of the previous subsection, λΓc 11λ was constrained to vanish. However, in the d=11
superparticle, λΓ11λ will be constrained to vanish.
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To compute the number of independent degrees of freedom of a d=11 pure spinor
λα satisfying (4.8), note that ηmnγ
m
(µνγ
n
κ)ρ = 0 implies that h
m = λLγ
mλL satisfies
hmhm = 0, and suppose that h
m is non-vanishing. Then the first line of (4.11) implies
that λRγ
mλR = −hm, which constrains nine of the sixteen λRµ variables, leaving seven
independent variables for λRµ. Furthermore, using the argument of the previous para-
graph and assuming that hm is non-vanishing, the second line of (4.11) imposes no further
constraints. So λα contains 23 independent degrees of freedom, sixteen coming from λµL
and seven coming from λRµ.
9
Replacing the N=2 d=10 pure spinor constraint of (3.8) with the d=11 pure spinor
constraint of (4.8), one can check that the light-cone counting of degrees of freedom now
gives the correct answer. After using the 46 independent λα and wα bosonic ghost variables
to cancel 46 of the 64 fermionic θα and pα variables, one is left with 18 fermionic variables.
Two of these fermionic variables replace the missing (b, c) reparameterization ghosts and
the remaining 16 variables are the physical light-cone fermionic variables. So the λΓ11λ = 0
condition has effectively replaced the b0L − b0R constraint of the closed superstring.
Physical states for the d=11 superparticle will be defined as states in the cohomology
of the BRST-like operator
Q = λαdα, (4.14)
which is nilpotent because of (4.6) and (4.8). As will now be shown, this definition of
physical states correctly describes the spacetime fields of linearized d=11 supergravity, as
well as describing the spacetime ghosts, antifields and antighosts of the theory. Note that Q
of (4.14) reduces at P11 = 0 to the sum of the N=2 d=10 BRST operators Q = QR+QL =
λµLdLµ+λRµd
µ
R. However, using the d=11 superparticle quantization, the linearized d=11
supergravity states will reduce at P11 = 0 to the linearized Type IIA supergravity states
without any of the problems at zero momentum encountered in the previous section using
the N=2 superparticle quantization.
9 As in the d=10 case, the d=11 pure spinor λα must be complex to satisfy (4.8), but its
complex conjugate λα never appears in the formalism and can therefore be ignored. Note that
if Howe’s definition of d=11 pure spinors of [17] had been used, λα would have had sixteen
independent components.
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4.3. BRST description of linearized d=11 supergravity
As opposed to ghost-number one physical fields of the N=1 d=10 superparticle and
ghost-number two physical fields of the N=2 d=10 superparticle, the physical fields of the
d=11 superparticle will appear at ghost-number three in the cohomology of Q. As will be
seen in subsection (7.1), this comes from the fact that d=10 super-Maxwell theory couples
to the one-dimensional worldline of the superparticle, Type II supergravity couples to the
two-dimensional worldsheet of the closed superstring, and d=11 supergravity couples to
the three-dimensional worldvolume of the supermembrane.
At ghost-number three, the d=11 superparticle wavefunction is
Ψ(λ, x, θ) = λαλβλγAαβγ(x, θ) (4.15)
where Aαβγ is an arbitrary d=11 superfield which is symmetric in its spinor in-
dices and which, because of (4.8), is defined up to the algebraic gauge transformation
δAαβγ = γ
c
(αβFγ)c for arbitrary Fγc. The equation of motion QΨ = 0 implies that
λαλβλγλδDαAβγδ = 0, and δΨ = QΛ implies the gauge transformation δAβγδ = D(βΛγδ)
where Λ = λαλβΛαβ and Dα =
∂
∂θα
+ i2 (γ
cθ)α∂c is the d=11 supersymmetric derivative.
It will now be shown that these equations of motion and gauge invariances describe the
linearized d=11 supergravity fields. In fact, up to a gauge transformation and with an ap-
propriate choice of conventional constraints, Aαβγ is expected
10 to be the linearized spinor
component Bαβγ of the three-form superfield BABC of d=11 supergravity.
Expanding in components, one can show that Ψ of (4.15) can be gauge-fixed to the
form
Ψ(λ, x, θ) = λαλβλγAαβγ(x, θ) (4.16)
= (λγaθ)(λγbθ)(λγcθ)babc(x) + (λγ
(aθ)(λγb)cθ)(λγcθ)gab(x)
+(λγbθ)[(λγcθ)(λγdθ)(θγcd)α − (λγcdθ)(λγcθ)(θγd)α]χαb (x) + ...
where terms in ... involve more than four θ’s and can be expressed in terms of babc(x),
gab(x) and χ
α
b (x). Note that babc is antisymmetric in its indices and gab is symmetric in its
10 I would like to thank Paul Howe for suggesting that Bαβγ might play such a role.
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indices. Furthermore, the component fields babc(x), gab(x) and χ
α
b (x) satisfy the equations
of motion and gauge invariances11
∂d∂[abbcd] = 0, δbabc = ∂[aωbc], (4.17)
∂a(∂agbc − 2∂(bgc)a) + ∂b∂c(ηdegde) = 0, δgab = ∂(aρb),
(γabc)αβ∂bχ
β
c = 0, δχ
β
a = ∂aξ
β,
which identify them as the linearized three-form, graviton and gravitino of d=11 super-
gravity. So the ghost-number three cohomology of Q correctly describes the linearized
d=11 supergravity fields without any subtleties at zero momentum.
To show that the cohomology of Q at other ghost numbers correctly describes the
ghosts, antifields and antighosts of linearized d=11 supergravity, it is convenient to first
compute the zero momentum cohomology using a BRST operator Q˜ with an unconstrained
d=11 spinor λ˜α. As discussed in the appendix of this paper, the cohomology of Q at zero
momentum is equivalent to the cohomology of
Q˜ = λ˜αpα + λ˜Γ
cλ˜b(−1)c + c
c
(1)(λ˜Γcdλ˜u
d
(−2) + λ˜Γ
dλ˜u(−2)[cd]) + ... (4.18)
where [b(−n), c(n)] and [u(−n), v(n)] are new fermionic and bosonic pairs of conjugate vari-
ables of ghost number [−n, n] and ... involves ghost numbers up to [−7, 7] whose explicit
form can be found in the appendix. As in the discussion of subsection (2.3) for the N=1
d=10 superparticle, the term λ˜Γcλ˜b(−1)c in (4.18) imposes the pure spinor constraint and
the terms cc(1)(λ˜Γcdλ˜u
d
(−2)+ λ˜Γ
dλ˜u(−2)[cd])+ ... remove the extra gauge invariances implied
by this constraint.
As will be discussed in the appendix, the states in the cohomology of Q˜ are in one-to-
one correspondence with the variables
[1, cc(1), v
c
(2), v
[cd]
(2) , c
α
(2), c
(cd)
(3) , c
[cde]
(3) , v
cα
(3), c
cα
(4), v
[cde]
(4) , v
(cd)
(4) , v
α
(5), c
[cd]
(5) , c
c
(5), v
c
(6), c(7)]. (4.19)
The ghost number three states corresponding to [c
(cd)
(3) , c
[cde]
(3) , v
cα
(3)] are the graviton, anti-
symmetric three-form, and gravitino fields of linearized d=11 supergravity, and the ghost
number four states corresponding to [v
(cd)
(4) , v
[cde]
(4) , c
cα
(4)] are their antifields. The ghost
11 Although one can in principle derive these equations of motion directly from the higher θ
components of QΨ = 0, they can be justified indirectly using the cohomology structure of the
antifields which will be discussed below.
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number two states corresponding to [vc(2), c
α
(2), v
[cd]
(2) ] are the ghosts coming from super-
reparameterization invariance and the three-form gauge invariance δbcde = ∂[cΛde], and
the ghost number five states corresponding to [cc(5), v
α
(5), c
[cd]
(5) ] are their antighosts. The
ghost number one state corresponding to cc(1) is the ghost-for-ghost coming from the gauge
invariance of the two-form gauge parameter δΛde = ∂[dΛ
′
e], and the ghost number six state
corresponding to vc(6) is its antighost-for-antighost. Finally, the ghost number zero state
corresponding to 1 is the ghost-for-ghost-for-ghost coming from the gauge invariance of
the ghost-for-ghost gauge parameter δΛ′e = ∂eΛ
′′, and the ghost number seven state cor-
responding to c(7) is its antighost-for-antighost-for-antighost. So using the results of the
appendix, the zero momentum cohomology of Q correctly describes the zero momentum
ghosts, fields, antifields and antighosts of linearized d=11 supergravity.
Using the one-to-one map between states at zero momentum in the cohomologies of Q
and Q˜, one finds that the wavefunction for the zero momentum states in the cohomology
of Q with constrained λα is
Ψ(λ, θ) = ω′′ + (λθ)cω′c + (λ
2θ2)[cd]ω[cd] + (λ
2θ2)cρc + (λ
2θ3)αξα (4.20)
+(λ3θ3)[cde]b[cde] + (λ
3θ3)(cd)g(cd) + (λ
3θ4)cαχcα
+(λ4θ5)cαχ∗cα + (λ
4θ6)(cd)g∗(cd) + (λ
4θ6)[cde]b∗[cde]
+(λ5θ6)αξ∗α + (λ
5θ7)cρ∗c + (λ
5θ7)[cd]ω∗[cd] + (λ
6θ8)cω′∗c + (λ
7θ9)ω′′∗,
where [ω[cd], ω
′
c, ω
′′] and [ω∗[cd], ω
′∗
c , ω
′′∗] are the ghosts and antighosts for the three-
form gauge invariance, [ρc, ξα] and [ρ
∗
c , ξ
∗
α] are the ghosts and antighosts for the super-
reparameterization invariance, [b[cde], g(cd), χcα] and [b
∗
[cde], g
∗
(cd), χ
∗
cα] are the linearized
d=11 supergravity fields and antifields, and to simplify notation, the contractions of the
spinor indices of λα and θβ in (4.20) have been suppressed. Note that the contractions of
the spinor indices in the scalar ghost number seven state denoted (λ7θ9) can be determined
indirectly using the fact that
(λΓc1θ)(λΓc2θ)...(λΓc9θ) = ǫc1...c9de(λΓdeλ)(λ
7θ9), (4.21)
which can be proven using the identity (λΓc)α(λΓcdλ) = 0. This is analogous to the fact
that the ghost number three scalar state (λ3θ5) in the N=1 d=10 cohomology satisfies
(λγm1θ)(λγm2θ)...(λγm5θ) = ǫm1...m5npqrs(λΓnpqrsλ)(λ
3θ5), (4.22)
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which can be proven using the identity (λγm)µ(λγmnpqrλ) = 0.
The cohomology of Q at non-zero momentum can be obtained by finding the con-
straints on the component fields of (4.20) implied by QΨ = 0 and δΨ = QΛ. One finds
that all ghosts and antighosts have trivial cohomology at non-zero momentum, the su-
pergravity fields satisfy the equations of motion and gauge invariances of (4.17), and the
supergravity antifields satisfy the equations of motion and gauge invariances
∂ab∗abc = 0, δb
∗
abc = ∂
d∂[aρbcd], (4.23)
∂ag∗ab −
1
2
∂b(η
deg∗de) = 0, δg
∗
bc = ∂
a(∂aωbc − 2∂(bωc)a) + ∂b∂c(ηdeωde),
∂aχ∗aβ = 0, δχ
∗
aβ = (γabc)αβ∂
bξcα.
As expected, the gauge invariances and equations of motion of the d=11 supergravity anti-
fields are related to the equations of motion and gauge invariances of the d=11 supergravity
fields of (4.17).
Using the wave function Ψ and the BRST operator Q = λαdα, one can construct the
spacetime action
S =
∫
d11x〈ΨQΨ〉 (4.24)
where the norm 〈 〉 is defined such that
〈(λ7θ9)〉 = 1. (4.25)
Since (λ7θ9) is the scalar antighost state in (4.21) which cannot be written as QΛ for any
Λ, the action of (4.24) is gauge invariant under δΨ = QΛ. Furthermore, the equations
of motion from varying Ψ in (4.24) imply that QΨ = 0 for components in QΨ involving
up to nine θ’s. Although the manifestly supersymmetric equations of motion require that
QΨ = 0 for all components of QΨ, one can check that any component of QΨ = 0 with
more than nine θ’s is an auxiliary equation of motion which does not affect physical fields.
So as in the super-Maxwell action of (2.25), removing these auxiliary equations of motion
changes auxiliary fields to gauge fields, but does not change the physical content of the
theory.
So the action of (4.24) reproduces the Batalin-Vilkovisky action for linearized d=11
supergravity theory and, if Ψ is restricted to ghost number three, (2.25) reproduces the
standard linearized d=11 supergravity action. Note that the norm of (4.25) only involves
integration over nine of the 32 θα variables and therefore resembles a harmonic superspace.
Since there are 23 independent bosonic λα variables, one can interpret this integration over
nine θ’s as coming from a cancellation between the λα integration and the integration over
23 of the 32 θα variables.
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5. Covariant Quantization of the Type II Superstring
In this section, the pure spinor description of the Type II superstring will be reviewed
using language which will be convenient for generalization to the supermembrane.
5.1. Standard description of the Type II superstring
Using notation similar to that of the N=2 d=10 superparticle action of (3.1), the
standard action for the Type II superstring can be written as
S =
∫
dτ0dτ1(PmΠ
m
0 +B
flat
MN∂[0Z
M∂1]Z
N + e0(PmPm +Π
m
1 Π1m) + e
1PmΠ
m
1 ) (5.1)
where
Πm0 = ∂0x
m +
i
2
(θLγ
m∂0θL + θRγ
m∂0θR), Π
m
1 = ∂1x
m +
i
2
(θLγ
m∂1θL + θRγ
m∂1θR),
(5.2)
e0 and e1 are Lagrange multipliers for the worldsheet reparameterization constraints, BflatMN
is the flat value of the Type IIA two-form superfield, ZM = (xm, θµL, θ
µˆ
R), andM = (m,µ, µˆ)
is a d=10 superspace coordinate. Note that after integrating out Pm, e0 and e1, the action
of (5.1) reduces to the usual Nambu-Goto form of the GS superstring action.
Like the N=2 d=10 superparticle action of (3.1), the superstring action of (5.1) is
invariant under global N=2 d=10 supersymmetry transformations and under “left-moving”
and “right-moving” kappa transformations. To check kappa symmetry, note that under
the local transformation
δθµL = ξ
µ
L, δθ
µˆ
R = ξ
µˆ
R, δx
m = − i
2
(θLγ
mξL + θRγ
mξR), (5.3)
δPm = −i(ξLγm∂1θL − ξRγm∂1θR),
the action of (5.1) transforms as
δS = i
∫
d2τ [(ξLγ
m∂RθL)(Pm − Π1m) + (ξRγm∂LθR)(Pm +Π1m)] (5.4)
where ∂R = ∂0 + (e
1 − 2e0)∂1 and ∂L = ∂0 + (e1 + 2e0)∂1
So if
ξµL = (Pm − Π1m)(γmκL)µ and ξµˆR = (Pm +Π1m)(γmκR)µˆ (5.5)
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for some κLµ and κRµˆ,
δS = i
∫
d2τ [(κLν∂Rθ
ν
L)(P − Π1)2 + (κRνˆ∂LθνˆR)(P +Π1)2], (5.6)
which is cancelled by defining e0 and e1 to transform as
δe0 = −iκLν∂RθνL − iκRνˆ∂LθνˆR, δe1 = 2iκLν∂RθνL − 2iκRνˆ∂LθνˆR. (5.7)
The canonical momenta to θµL and θ
µˆ
R, which will be called pLµ and pRµˆ, satisfy
pLµ = ∂L/∂θ˙
µ
L =
i
2
Pm(γmθL)µ −BflatµN ∂1ZN ,
pRµˆ = ∂L/∂θ˙
µˆ
R =
i
2
Pm(γmθR)µˆ −BflatµˆN ∂1ZN ,
so canonical quantization requires that physical states are annihilated by the 32 fermionic
Dirac constraints defined by
dLµ = pLµ− i
2
Pm(γ
mθL)µ+B
flat
µN ∂1Z
N , dRµˆ = pRµˆ− i
2
Pm(γ
mθR)µˆ+B
flat
µˆN ∂1Z
N . (5.8)
Using {pLµ, θνL} = −iδνµ, {pRµˆ, θνˆR} = −iδνˆµˆ, and the flat space value of HflatMNP = ∂[MBflatNP ],
one finds that these constraints satisfy the Poisson brackets
{dLµ, dLν} = −(Pm−Π1m)γmµν , {dRµˆ, dRνˆ} = −(Pm+Π1m)γmµˆνˆ , {dLµ, dRνˆ} = 0. (5.9)
And since (P − Π1)2 = 0 and (P + Π1)2 = 0 are also constraints, 16 of the 32 Dirac
constraints are first-class and 16 are second-class. One can easily check that the 16 first-
class Dirac constraints generate the kappa transformations of (5.3), however, there is no
simple way to covariantly separate out the second-class constraints.
Although one cannot covariantly quantize the action of (5.1), one can classically couple
the superstring to a Type II supergravity background using the action
Ŝ =
∫
d2τ [PmΠ
m
0 +BMN∂[0Z
M∂1]Z
N + e0(PmPm +Π
m
1 Π1m) + e
1PmΠ
m
1 ] (5.10)
where Π
m
0 = E
m
M∂0Z
M , Π
m
1 = E
m
M∂1Z
M , [EMm ,E
M
µ ,E
M
µˆ ] is the super-vierbein, [E
m
M ,
E
µ
M ,E
µˆ
M ] is the inverse super-vierbein, BMN is the curved Type II two-form super-
field, M = [m,µ, µˆ] denote curved vector and spinor indices, and the underlined indices
M = [m,µ, µˆ] denote tangent-space vector and spinor indices12.
12 To avoid confusion, the indices a, b, c, ... and α, β, γ, ... will be reserved for d=11 indices.
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This action is invariant under N=2 d=10 super-reparameterizations of the background
as well as under the two-form gauge transformations δBMN = ∂[MΛN ]. Under the local
transformation
δZM = EMµ ξ
µ
L + E
M
µˆ ξ
µˆ
R, δPm = −i(ξLγm)µE
µ
M∂1Z
M + i(ξRγm)µˆE
µˆ
M∂1Z
M , (5.11)
the action transforms as
δŜ = i
∫
d2τ [(ξLγ
m)µE
µ
M∂RZ
M (Pm − Π1m) + (ξRγm)µˆEµˆM∂LZM (Pm +Π1m)] (5.12)
when the background superfields are on-shell. So the action is invariant under kappa
symmetry if one defines
δe0 = −iκLνEνM∂RZM − iκRνˆE νˆM∂LZM , δe1 = 2iκLνEνM∂RZM − 2iκRνˆE νˆM∂LZM ,
(5.13)
where
ξ
µ
L = (Pm − Π1m)(γmκL)µ and ξ
µˆ
R = (Pm +Π1m)(γ
mκR)
µˆ (5.14)
for some κLµ and κRµˆ.
5.2. Pure spinor description of the Type IIA superstring
Using notation similar to that of the pure spinor version of the N=2 d=10 superpar-
ticle, the pure spinor version of the Type II superstring action can be written as
Spure =
∫
dτ0dτ1[Pm∂0x
m + pLµ∂0θ
µ
L + pRµˆ∂0θ
µˆ
R + wLµ∂0λ
µ
L + wRµˆ∂0λ
µˆ
R (5.15)
−1
2
(PmPm + ∂1x
m∂1xm) + pLµ∂1θ
µ
L − pRµˆ∂1θµˆR + wLµ∂1λµL − wRµˆ∂1λµˆR
+e1(Pm∂1x
m + pLµ∂1θ
µ
L + pRµˆ∂1θ
µˆ
R + wLµ∂1λ
µ
L + wRµˆ∂1λ
µˆ
R)]
where pLµ and pRµˆ are now independent variables [24], λ
µ
L and λ
µˆ
R are pure spinor ghost
variables satisfying
λLγ
mλL = 0 and λRγ
mλR = 0 for m = 1 to 10, (5.16)
and wLµ and wRµˆ are defined up to the gauge transformations
δwLµ = (γ
mλL)µΛLm, δwRµˆ = (γ
mλR)µˆΛRm, (5.17)
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for arbitrary gauge parameters ΛLm and ΛRm. The action of (5.15) is quadratic in confor-
mal gauge where e1 is gauged to zero, but for later comparison with the supermembrane
action, it will be useful to leave e1 in the action and not fix reparameterization invariance
of the τ1 coordinate. Note, however, that like the pure spinor version of the superparticle
actions, reparameterization invariance of the τ0 coordinate has been fixed in (5.15). The
action of (5.15) can be written in manifestly spacetime supersymmetric notation as
Spure =
∫
d2τ [P˜mΠ
m
0 +B
flat
MN∂[0Z
M∂1]Z
N + dLµ∂0θ
µ
L + dRµˆ∂0θ
µˆ
R + wLµ∂0λ
µ
L + wRµˆ∂0λ
µˆ
R
(5.18)
−1
2
(P˜mP˜m +Π
m
1 Π1m) + dLµ∂1θ
µ
L − dRµˆ∂1θµˆR + wLµ∂1λµL − wRµˆ∂1λµˆR
+e1(P˜mΠ
m
1 + dLµ∂1θ
µ
L + dRµˆ∂1θ
µˆ
R + wLµ∂1λ
µ
L + wRµˆ∂1λ
µˆ
R)]
where Πm, dLµ and dRµˆ are defined as in (5.2) and (5.8), P˜m = Pm − BflatmN ∂1ZN , and
ZM = (xm, θµL, θ
µˆ
R). Note that P˜m, dLµ and dRµˆ are defined to be invariant under spacetime
supersymmetry.
As in the N=2 d=10 superparticle, physical states of the Type II superstring are
defined as states in the cohomology of the left and right-moving
QL = λ
µ
LdLµ and QR = λ
µˆ
RdRµˆ. (5.19)
In other words, physical states Ψ will be defined by the equations of motion and gauge
invariances
QLΨ = QRΨ = 0, δΨ = QLΛL +QRΛR, (5.20)
where the gauge parameters ΛL and ΛR are constrained to satisfy QRΛL = QLΛR = 0.
Note that QL and QR are conserved using the equations of motion
∂Rλ
µ
L = ∂RdLµ = 0, ∂Lλ
µˆ
R = ∂LdRµˆ = 0, (5.21)
where ∂L = ∂0 + (e
1 − 1)∂1 and ∂R = ∂0 + (e1 + 1)∂1. And using (5.9), one finds that
Q2L = Q
2
R = {QL, QR} = 0.
Since the superstring action of (5.15) reduces to the N=2 d=10 superparticle action
when all worldsheet variables are independent of τ1, the massless sector of the superstring
spectrum consists of the Type II supergravity states found in subsection (3.3). Further-
more, it was shown in [19] that the massive states in the cohomology of QL and QR
reproduce the standard superstring spectrum.
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5.3. Coupling the superstring to Type II supergravity
As in subsection (2.4) for the N=1 d=10 superparticle in a super-Maxwell background,
the easiest way to obtain the pure spinor version of the superstring action in a curved Type
II supergravity background is to use the Oda-Tonin method of [27] and first compute the
BRST variation of the standard superstring sigma model action of (5.10). Under the BRST
transformation generated by QL =
∮
λµLdLµ and QR =
∮
λµˆRdRµˆ in a flat background,
QLθ
µ
L = λ
µ
L, QLx
m =
i
2
λLγ
mθL, QLdLµ = −iΠmL (γmλL)µ, QLwLµ = dLµ, (5.22)
QRθ
µˆ
R = λ
µˆ
R, QRx
m =
i
2
λRγ
mθR, QRdRµˆ = −iΠmR (γmλR)µˆ, QRwRµˆ = dRµˆ,
where the equation of motion P˜m = Πm0 +e1Π
m
1 has been used, Π
m
L = Π
m
0 +(e1−1)Πm1 , and
ΠmR = Π
m
0 + (e1 + 1)Π
m
1 . In a curved background, these BRST transformations generalize
to
Q̂LZ
M = EMµ λ
µ
L, Q̂LdLµ = −iΠmL (γmλL)µ, Q̂LwLµ = dLµ, (5.23)
Q̂RZ
M = EMµˆ λ
µˆ
R, Q̂RdRµˆ = −iΠmR (γmλR)µˆ, Q̂RwRµˆ = dRµˆ,
where EMµ and E
M
µˆ are defined as in (5.10), Π
m
L = E
m
M∂LZ
M and Π
m
R = E
m
M∂RZ
M .
After fixing the reparameterization gauge e0 = −12 and using the equation of motion
for Pm, the standard superstring sigma model action of (5.10) transforms under (5.23) as
Q̂LŜ = i
∫
d2τ(λLγ
m)µE
µ
M∂RZ
MΠLm, Q̂RŜ = i
∫
d2τ(λRγ
m)µˆE
µˆ
M∂LZ
MΠRm (5.24)
when the background superfields are on-shell. If λ
µ
L and λ
µˆ
R were replaced by ξ
µ
L and ξ
µˆ
R
of (5.14), this would be a left and right-moving kappa transformation, which could be
cancelled by shifting e0 and e1 as in (5.13). However, in the pure spinor formalism, the
transformation of (5.24) will be cancelled by adding to the action the term
S′ =
∫
d2τ [Q̂L(wLµE
µ
M∂RZ
M ) + Q̂R(wRµˆE
µˆ
M∂LZ
M )− Q̂LQ̂R(wLµwRνˆRµνˆ)] (5.25)
where Rµνˆ is a superfield whose lowest component is eφ times the Ramond-Ramond field
strength Fµνˆ . Using Bianchi identities and equations of motion, one can show that Rµνˆ is
related to the superspace torsion T
P
MN by [21]
T
νˆ
ρm = iγmρµR
µνˆ , T
µ
ρˆm = −iγmρˆνˆRµνˆ . (5.26)
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To see that Q̂L(Ŝ + S
′) = 0, note that since Q̂2L annihilates all variables except for
wLµ,
Q̂LS
′ =
∫
d2τ [(Q̂2LwLµ)E
µ
M∂RZ
M − Q̂R(wRµˆQ̂L(EµˆM∂LZM ))− Q̂R((Q̂2LwLµ)wRνˆRµνˆ)]
(5.27)
=
∫
d2τ [−iΠmL (λLγm)µE
µ
M∂RZ
M − Q̂R(wRµˆλνLT
µˆ
νmΠ
m
L )− Q̂R(−iΠmL (λLγm)µwRνˆRµνˆ)]
=
∫
d2τ [−iΠmL (λLγm)µE
µ
M∂RZ
M ] = −Q̂LŜ
where the Type II on-shell torsion constraints have been used. Similarly, one can show
that Q̂R(Ŝ + S
′) = 0.
So the classically BRST-invariant superstring action in a curved Type II background
is given by Ŝpure = Ŝ + S
′, however, to preserve quantum BRST invariance [21], one also
needs to add the Fradkin-Tseytlin term α′
∫
d2τΦr to the superstring action where r is
the worldsheet curvature and Φ(x, θL, θR) is a scalar superfield whose lowest component is
the spacetime dilaton. Using the BRST transformation of (5.23) to explicitly compute S′
of (5.25), one finds that the pure spinor action in a curved background is
Ŝpure =
∫
d2τ [
1
2
Π
m
LΠRm +BMN∂[0Z
M∂1]Z
N + dLµE
µ
M∂RZ
M + dRµˆE
µˆ
M∂LZ
M (5.28)
+wLµ∂Rλ
µ
L + wRµˆ∂Lλ
µˆ
R + Ω
ν
Mµ∂RZ
Mλ
µ
LwLν + Ω̂
νˆ
Mµˆ∂LZ
Mλ
µˆ
RwRνˆ
+RµνˆdLµdRνˆ + C
µˆν
ρ dRµˆλ
ρ
LwLν + Ĉ
µνˆ
ρˆ dLµλ
ρˆ
RwRνˆ + S
µνˆ
σρˆλ
σ
LwLµλ
ρˆ
RwRνˆ + α
′rΦ]
where the explicit relations between the background superfields appearing in (5.28) are
explained in [21].
By computing the linearized contribution of the background superfields to Ŝpure of
(5.28), one obtains the integrated form of the massless Type II superstring vertex operator∫
d2τV . Since Ŝpure is BRST invariant, QL
∫
d2τV and QR
∫
d2τV must vanish up to
worldsheet equations of motion when QL and QR generate the BRST transformations of
(5.22) in a flat background.
Once one has the integrated BRST-invariant vertex operator associated with a phys-
ical state, there is a simple method for obtaining the unintegrated BRST-invariant vertex
operator associated with this state. Since (QL + QR)
∫
d2τV = 0, (QL + QR)V = ∂iW
i
for some ghost number one state W i where i = 0 or 1. And since (QL + QR)
2V = 0,
(QL +QR)W
i = ǫij∂jU for some ghost number two state U satisfying (QL +QR)U = 0.
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This ghost number two state U is defined to be the unintegrated closed superstring ver-
tex operator associated with the physical state represented by V . Using this method,
one finds that the unintegrated massless vertex operator U associated with the linearized
contribution to Ŝpure is the ghost number two N=2 d=10 superparticle wavefunction
Ψ(λL, λR, x, θL, θR)=λ
µ
Lλ
νˆ
RAµνˆ(x, θL, θR) of (3.13).
Closed superstring massless N -point tree amplitudes can be computed in a manifestly
super-Poincare´ covariant manner by evaluating correlation functions of N − 3 massless
integrated vertex operators V with three massless unintegrated vertex operators U . The
normalization for the worldsheet zero modes is the “left-right” product of the norm of
(2.26), 〈(λ3Lθ5L)(λ3Rθ5R)〉 = 1, which implies that the amplitudes are gauge invariant and
supersymmetric when the external states are on-shell.
6. Covariant Quantization of the Supermembrane
In this section, the methods developed in the previous sections for the d=11 super-
particle and Type II superstring are generalized to construct a BRST-invariant action for
the supermembrane. Almost all of the intuition needed for constructing this action comes
from the requirements that the action reduces to the d=11 superparticle and Type IIA
superstring actions in the appropriate limits. That is, in the limit where all worldvolume
variables are independent of coordinates τ1 and τ2, the supermembrane action must reduce
to the d=11 superparticle action of section 4. And in the limit when P11 = 0, x
11 = τ2,
and all other worldvolume variables are independent of τ2, the action must reduce to the
Type IIA superstring action of section 5.
6.1. Standard description of the supermembrane
Using notation similar to that of the d=11 superparticle action of (4.1), the standard
action for the supermembrane can be written as
S =
∫
dτ0dτ1dτ2(PcΠ
c
0+B
flat
ABC∂[0Z
A∂1Z
B∂2]Z
C+e0(P cPc+det(Π
c
IΠJc))+e
IPcΠ
c
I) (6.1)
where I, J = 1 to 2, det(ΠcIΠJc) = (Π
c
1Π1c)(Π
d
2Π2d) − (Πc1Π2c)2, Πc0 = ∂0xc + i2(θΓc∂0θ),
ΠcI = ∂Ix
c+ i
2
(θΓc∂Iθ), e
0 and eI are Lagrange multipliers for the worldsheet reparameteri-
zation constraints, BflatABC is the flat value of the d=11 three-form superfield, Z
A = (xa, θα),
and A = (a, α) is a d=11 superspace coordinate. Note that after integrating out Pm, e0
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and eI , the action of (6.1) reduces to the usual Nambu-Goto form of the supermembrane
action [4].
Like the d=11 superparticle action of (4.1), the supermembrane action of (6.1) is
invariant under global d=11 supersymmetry transformations and under kappa transfor-
mations. To check kappa symmetry, note that under the local transformation
δθα = ξα, δxc = − i
2
(θΓcξ), δPc = −i(ξΓcd∂Iθ)ΠdJǫIJ , δeI = 2ie0ǫIJξα∂Jθα, (6.2)
the action of (6.1) transforms as
δS = i
∫
d3τξα(ΓcαβPc −
1
2
ΓcdαβΠIcΠJdǫ
IJ )∇θβ (6.3)
where
∇θβ = (∂0 + eI∂I)θβ − 2e0Γβeγ∂IθγΠeJǫIJ . (6.4)
So if
ξα = (Γαβc P
c +
1
2
Γαβcd Π
c
IΠ
d
Jǫ
IJ )κβ (6.5)
for some κβ ,
δS = i
∫
d3τ [κβ∇θβ(P dPd + det(ΠcIΠJc)) + 2(κΓc∇θ)ΠIc(P dΠJd)ǫIJ ]. (6.6)
So δS can be cancelled if e0 and eI are defined to transform as
δe0 = −iκβ∇θβ, δeI = 2ie0ǫIJξα∂Jθα + 2iǫIJ (κΓc∇θ)ΠJc (6.7)
where the first term in δeI comes from the transformation of (6.2).
The canonical momenta to θα, which will be called pα, satisfies
pα = ∂L/∂θ˙
α =
i
2
P c(Γcθ)α − 1
2
BflatαBC∂IZ
B∂JZ
CǫIJ ,
so canonical quantization requires that physical states are annihilated by the 32 fermionic
Dirac constraints defined by
dα = pα − i
2
Pc(Γ
cθ)α +
1
2
BflatαBC∂IZ
B∂JZ
CǫIJ . (6.8)
Using {pα, θβ} = −iδβα and the flat space value of HflatABCD = ∂[ABflatBCD], one finds that
these constraints satisfy the Poisson brackets
{dα, dβ} = −PcΓcαβ +
1
2
ǫIJΠIcΠJdΓ
cd
αβ . (6.9)
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And since
(−PcΓcαβ +
1
2
ǫIJΠIcΠJdΓ
cd
αβ)(P
aΓβγa +
1
2
ǫKLΠaKΠ
b
LΓ
βγ
ab ) (6.10)
= −δγα(PcP c + det(ΠcIΠJc))− 2ǫIJ (P cΠIc)ΠJdΓdγα
is proportional to the reparameterization constraints, 16 of the 32 Dirac constraints are
first-class and 16 are second-class. One can easily check that the 16 first-class Dirac
constraints generate the kappa transformations of (6.2), however, there is no simple way
to covariantly separate out the second-class constraints.
Although one cannot covariantly quantize the action of (6.1), one can classically couple
the supermembrane to a d=11 supergravity background using the action
Ŝ =
∫
d3τ [PcΠ
c
0 +BABC∂[0Z
A∂1Z
B∂2]Z
C + e0(P cPc + det(Π
c
IΠJc)) + e
IPcΠ
c
I ] (6.11)
where Π
c
0 = E
c
A∂0Z
A, Π
c
I = E
c
A∂IZ
A, [EAc , E
A
α ] is the super-vierbein, [E
c
A, E
α
A] is the
inverse super-vierbein, BABC is the curved three-form superfield, A = [a, α] denote curved
vector and spinor indices, and the underlined indices A = [c, α] denote d=11 tangent-space
vector and spinor indices.
This action is invariant under d=11 super-reparameterizations of the background as
well as under the three-form gauge transformations δBABC = ∂[AΛBC]. Under the local
transformation
δZA = EAα ξ
α, δPc = −i(ξΓcd)αEαA∂IZAΠdJǫIJ , δeI = 2ie0ǫIJξαEαA∂JZA, (6.12)
the action transforms as
δŜ = i
∫
d3τξα(Γ
c
αβPc −
1
2
Γ
cd
αβΠIcΠJdǫ
IJ )∇Θβ (6.13)
when the background is on-shell where
∇Θβ = EβA(∂0 + eI∂I)ZA − 2e0Γ
β
aγE
γ
A∂IZ
AΠ
a
Jǫ
IJ . (6.14)
So the action is invariant under kappa symmetry if one defines
δe0 = −iκβ∇Θβ , δeI = 2ie0ǫIJξαEαA∂JZA + 2iǫIJ (κΓc∇Θ)ΠJc (6.15)
where
ξα = (Γ
αβ
c P
c +
1
2
Γ
αβ
cd Π
c
IΠ
d
Jǫ
IJ )κβ (6.16)
for some κβ .
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6.2. Pure spinor description of the supermembrane
Using worldvolume variables which generalize the worldline variables of the pure spinor
version of the d=11 superparticle, the pure spinor version of the supermembrane action
will be defined as
Spure =
∫
dτ0dτ1dτ2[P˜cΠ
c
0 +B
flat
ABC∂[0Z
A∂1Z
B∂2]Z
C + dα∂0θ
α + wα∂0λ
α (6.17)
−1
2
(P˜ cP˜c + det(Π
c
IΠJc)) + (dΓc∂Iθ)Π
c
Jǫ
IJ + (wΓc∂Iλ)Π
c
Jǫ
IJ
−iǫIJ (wΓc∂Iθ)(λΓc∂Jθ) + ieIJ (wα∂Iθα)(λβ∂Jθβ)
+eI(P˜cΠ
c
I + dα∂Iθ
α + wα∂Iλ
α)]
where P˜c = Pc+
1
2B
flat
cAB∂IZ
A∂JZ
BǫIJ , dα is defined as in (6.8), and P˜c and dα are defined
to be invariant under supersymmetry transformations. One can easily check that this
action reduces to the d=11 superparticle action and Type IIA superstring action in the
appropriate limits. Although the third line of (6.17) vanishes in these limits, the presence
of the third line will be necessary for BRST invariance of the action. Note that the first
and fourth lines of (6.17) simplify to Pc∂̂0x
c + pα∂̂0θ
α + wα∂̂0λ
α where ∂̂0 = ∂0 + e
I∂I
when written in terms of the non-supersymmetric variables Pc and pα. However, unlike
the superstring action, the second line of (6.17) which comes from the supermembrane
Hamiltonian remains complicated when written in terms of Pc and pα.
As in the d=11 superparticle, the supermembrane action of (6.17) needs to be sup-
plemented with the BRST-like constraint Q = λαdα. Using the canonical commutation
relations of (6.9), this constraint generates the BRST transformation
Qθα = λα, Qxc =
i
2
λΓcθ, Qdα = −iΠ̂c0(Γcλ)α +
i
2
ǫIJΠIcΠJd(Γ
cdλ)α, Qwα = dα,
(6.18)
where the equation of motion P˜ c = Π̂c0 ≡ Πc0 + eIΠcI has been used. In addition, in order
to allow the construction of a BRST-invariant action, it will be assumed that the Lagrange
multipliers transform under a BRST transformation as
QeI = −iǫIJλα∂Jθα. (6.19)
The necessity of (6.19) can be seen from the kappa transformation of (6.2), and differs from
the superstring kappa and BRST transformations of (5.3) and (5.22) where the Lagrange
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multipliers are invariant. This difference comes from the fact that supermembrane kappa
transformations do not preserve the Type IIA superstring condition that x11 = τ2. So
to restore the condition x11 = τ2 after performing a kappa or BRST transformation, one
needs to perform a worldvolume reparameterization of τ2 which transforms the Lagrange
multipliers eI .
A second important difference between the supermembrane BRST transformations
of (6.18) is that λΓcλ = 0 is not enough to guarantee that Q is nilpotent. Although
Q2θα = Q2xc = 0 when λΓcλ = 0,
Q2dα = (λΓ
c∂̂0θ)(Γcλ)α − ǫIJ (λΓc∂Iθ)ΠJd(Γcdλ)α + ǫIJ (λβ∂Iθβ)ΠcJ(Γcλ)α (6.20)
= −(λΓcΓd∂Iθ)ΠJdǫIJ (Γcλ)α − ǫIJ (λΓc∂Iθ)ΠJd(Γcdλ)α + ǫIJ (λβ∂Iθβ)ΠcJ(Γcλ)α
= −(λΓcd∂Iθ)ΠJdǫIJ (Γcλ)α − ǫIJ (λΓc∂Iθ)ΠJd(Γcdλ)α
=
1
2
(λΓcdλ)Π
c
Iǫ
IJ (Γd∂Jθ)α,
where the equation of motion ∇θα = 0 has been used and
∇θα = (∂0 + eI∂I)θα + (Γc∂Iθ)αΠJcǫIJ . (6.21)
Furthermore, Q2eI = −iǫIJλα∂Jλα.
For this reason, the pure spinor constraint λΓcλ = 0 needs to be supplemented with
the additional constraints (λΓcdλ)ΠJd = 0 and λα∂Jλ
α = 0 in order that the BRST
operator Q = λαdα is nilpotent. The fact that additional constraints are required for the
supermembrane is not surprising since the supermembrane Hamiltonian is not quadratic,
implying that λα is not a free worldvolume variable. So the primary constraint λΓcλ = 0
does not commute with the supermembrane Hamiltonian and needs to be supplemented
with secondary constraints using the standard Dirac procedure. To find these secondary
constraints, note that under δwα = (Γ
cλ)αΛc,
δSpure =
∫
d2τΛc[
1
2
∂̂0(λΓ
cλ) + (λΓcΓd∂Iλ)ΠJdǫ
IJ − iǫIJ (λΓcd∂Iθ)(λΓd∂Jθ)] (6.22)
=
∫
d2τΛc[
1
2
∂̂0(λΓ
cλ)+(λα∂Iλ
α)ΠcJǫ
IJ+
1
2
∂I [(λΓ
cdλ)ΠJdǫ
IJ ]+
i
4
(λΓdλ)(∂IθΓ
cd∂Jθ)ǫ
IJ ].
So (λΓcdλ)ΠJd = 0 and λα∂Jλ
α = 0 are an appropriate choice of secondary constraints.
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Note that the secondary constraints (λΓcdλ)ΠJd = 0 and λα∂Jλ
α = 0 also do not
commute with the Hamiltonian, and therefore lead to further secondary constraints. How-
ever, one can easily check that the complete set of primary and secondary constraints
generated in this manner is first-class. Furthermore, for checking nilpotence of Q and
BRST invariance of the supermembrane action, only
λΓcλ = 0, (λΓcdλ)ΠJc = 0, λα∂Jλ
α = 0 (6.23)
are required.
The most direct way to check BRST invariance of the supermembrane action is to show
that (6.17) is invariant under (6.18) and (6.19) up to the constraints of (6.23). However,
a more elegant way to show BRST invariance is to use the Oda-Tonin method of [27] and
write the action of (6.17) as
Spure = S +
∫
d3τ Q[wα∇θα] (6.24)
where ∇θα is defined in (6.21) and S is the standard supermembrane action of (6.1) in the
reparameterization gauge e0 = −12 . Using (6.3) and replacing ξα with λα, one finds that
QSpure = QS +
∫
d3τ Q2[wα∇θα] (6.25)
= i
∫
d3τ [λα(ΓcαβPc −
1
2
ΓcdαβΠIcΠJdǫ
IJ )∇θβ +Q2(wα)∇θα] = 0,
so Spure is BRST invariant.
6.3. Coupling the supermembrane to a d=11 supergravity background
By starting with the standard supermembrane action in a curved background and
using the background-dependent version of the BRST transformations, one can also use
the Oda-Tonin method to construct the BRST-invariant version of the supermembrane
action in a curved background. In a curved background, the BRST transformations of
(6.18) and (6.19) are generalized to
Q̂ZB = EBα λ
α, Q̂dα = −iΠ̂c0(Γcλ)α +
i
2
ǫIJΠIcΠJd(Γ
cdλ)α, Q̂wα = dα, (6.26)
Q̂eI = −iǫIJλαEαA∂JZA.
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For Q̂ to be nilpotent in a curved background, one needs to impose the constraints
λΓcλ = 0, (λΓcdλ)ΠJc = 0, λα∇Jλα = 0 (6.27)
where
∇Jλα ≡ ∂Jλα + ΩcdB (Γcdλ)α∂JZB + λβTαβcΠcJ , (6.28)
T
α
βc is a dimension-one component of the superspace torsion which is related on-shell to
the four-form field strength Habcd, and Ω
cd
B is the superspace spin connection. Note that
the third constraint of (6.27) is obtained from requiring that Q̂2eI = 0.
The resulting BRST-invariant action in a curved background is
Ŝpure = Ŝ +
∫
d3τQ̂[wα∇Θα] (6.29)
where
∇Θβ = EβA∂̂0ZA + Γ
β
aγE
γ
A∂IZ
AΠ
a
Jǫ
IJ (6.30)
and Ŝ is defined in (6.11) after gauge-fixing e0 = −1
2
and setting P c = Π̂
c
0. Using the
background-dependent BRST transformation of (6.26), one finds
Ŝpure =
∫
d3τ [
1
2
Π̂
c
0Π̂0c +BABC∂[0Z
A∂1Z
B∂2]Z
C − 1
2
det(Π
c
IΠJc) + dα∇Θα (6.31)
+wα(∇̂0λα + Γαcβ(∇Iλβ)ΠcJǫIJ )
−iǫIJ (wαΓαcβE
β
B∂IZ
B)(λγΓ
cγ
δ E
δ
A∂JZ
A) + iǫIJ (wαE
α
B∂IZ
B)(λγE
γ
A∂JZ
A)]
where ∇0λβ and ∇Iλβ are defined as in (6.28).
At first sight, it might seem surprising that the pure spinor version of the super-
membrane action in a curved background does not reduce to the Type IIA superstring
sigma model action of (5.28) after double-dimensional reduction. Although both actions
are BRST invariant, the λΓ11λ = 0 constraint in the supermembrane formalism implies
that the curved background fields couple differently in the two actions. For example, there
is no analog of the Fradkin-Tseytlin term α′
∫
d2τΦr or the
∫
d2τRµνˆdLµdRνˆ term in the
supermembrane action. However, since the Type IIA superstring sigma model is only
valid for perturbative string theory, these two actions are only guaranteed to agree in the
limit when the string coupling constant goes to zero. In fact, it is clear that the Fradkin-
Tseytlin term α′
∫
d2τΦr is not possible in the supermembrane action since there are no
scalars which can play the role of the dilaton. Also, the term
∫
d2τRµνˆdLµdRνˆ vanishes
when the string coupling constant goes to zero since Rµνˆ is proportional to eφFµνˆ where
Fµνˆ is the Ramond-Ramond field strength. As will be discussed in the following section,
in order to relate the supermembrane with the Type IIA superstring at non-zero string
coupling constant, one has to compute supermembrane scattering amplitudes.
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7. Supermembrane Scattering Amplitudes
In this section, a prescription is given for computing scattering amplitudes using the
supermembrane action. These amplitudes might be useful for studying non-perturbative
properties of the Type IIA superstring.
7.1. Supermembrane massless vertex operators
In order to compute scattering amplitudes using the supermembrane action, one first
needs to define BRST-invariant integrated and unintegrated massless supermembrane ver-
tex operators. As in the superstring sigma model action of (5.28), the massless integrated
supermembrane vertex operator
∫
d3τV can be defined as the linear contribution of the
background superfields to Ŝpure of (6.31). So V has the form
V = ABC ∂̂0Z
B ∂̂0Z
C+ABCD∂̂0Z
B∂IZ
C∂JZ
DǫIJ+ABCDE∂IZ
B∂JZ
C∂KZ
D∂LZ
EǫIJ ǫKL
(7.1)
+(CαB ∂̂0Z
B + CαBC∂IZ
B∂JZ
CǫIJ )dα
+(ΩαβC ∂̂0Z
C + ΩαβCD∂IZ
C∂JZ
DǫIJ )wαλ
β + Y αβB∂IZ
Bwα∂Jλ
βǫIJ
where the relations between the various superfields in (7.1) are determined by the BRST
invariance condition that
∫
d3τQV = 0. Note that since the action Ŝpure is invariant
under the background-dependent BRST transformations of (6.26),
∫
d3τV is invariant up
to equations of motion under the flat BRST transformations of (6.18) and (6.19).
To obtain the massless unintegrated supermembrane vertex operator, one can use
the supermembrane version of the method used in subsection (5.3) for the superstring.
Since
∫
d3τQV = 0, QV = ∂iW
i where W i are ghost number one states for i = 0 to 2.
And since Q2V = 0, QW i = ǫijk∂jYk where Yk are ghost number two states. Finally,
since Q2W i = 0, QYk = ∂kU where U is a ghost number three BRST-invariant state
which will be identified with the unintegrated supermembrane vertex operator. Using this
method for the integrated massless vertex operator of (7.1), one finds that U is the ghost
number three d=11 superparticle wavefunction Ψ(λ, x, θ) = λαλβλγAαβγ(x, θ) of (4.15).
So one sees that d=11 supergravity fields carry ghost number three since they couple to
the three-dimensional supermembrane worldvolume, while d=10 super-Maxwell and Type
II supergravity fields carry ghost number one and two since they couple respectively to the
one-dimensional superparticle worldline and two-dimensional superstring worldsheet.
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7.2. Supermembrane scattering amplitude prescription
To compute supermembrane scattering amplitudes using these integrated and uninte-
grated massless vertex operators, one naively should evaluate correlation functions of these
vertex operators on a supermembrane worldvolume. However, since there is no SL(2, R) or
SL(2, C) of the supermembrane worldvolume, it is not obvious how many vertex operators
should be unintegrated and how many should be integrated. Furthermore, since the super-
membrane action is not conformally invariant, it is not clear what type of worldvolumes
should be included in the correlation function.
One natural requirement is that the worldvolume zero modes in the correlation func-
tion should be normalized using the d=11 superparticle norm 〈(λ7θ9)〉, where the spinor
index contractions of λα and θβ in (λ7θ9) are those of (4.21). Since the state (λ7θ9) is in
the cohomology of Q and cannot be written as the supersymmetric variation of any state
in the cohomology of Q, use of this zero mode normalization guarantees that the scattering
amplitudes are gauge invariant and supersymmetric when the external states are on-shell.
The fact that (λ7γ9) carries ghost number seven implies that scattering amplitudes
must involve more vertex operators than just the integrated vertex operator V of ghost
number zero and the unintegrated vertex operator U of ghost number three. It will now
be argued that a correct prescription for an N -point supermembrane scattering amplitude
is to use N − 2 integrated vertex operators V of ghost number zero, one unintegrated ver-
tex operator U of ghost number three, and one unintegrated vertex operator U∗ of ghost
number four. For massless external states, the ghost number three unintegrated vertex
operator is the d=11 superparticle wavefunction U = λαλβλγAαβγ(x, θ) for the linearized
supergravity fields, while the ghost number four unintegrated vertex operator is the d=11
superparticle wavefunction U∗ = λαλβλγλδA∗αβγδ(x, θ) for the linearized supergravity an-
tifields.
Although this amplitude prescription may sound unusual, it will be shown below that
it can also be used for N -point open and closed string tree amplitudes. The prescription
in some sense resembles the old operator formalism for computing scattering amplitudes
where two external strings are treated as initial and final states, and the remaining N − 2
external strings are treated as vertices. Using this interpretation, the open or closed string
worldsheet is an infinitely long strip or cylinder of zero curvature, and the vertices repre-
sent infinitesimally short strings. So when used for supermembrane scattering amplitudes,
this prescription only involves supermembrane worldvolumes of zero curvature. Note that
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unlike superstring amplitudes, one does not expect to expand over worldvolumes of dif-
ferent genus for supermembrane amplitudes since there is no scalar spacetime field whose
expectation value could play the role of a dimensionless coupling constant.
In open string theory, the analogous prescription involves N − 2 integrated vertex
operators, one ghost number one unintegrated vertex operator U for the string field, and
one ghost number two integrated vertex operator U∗ for the string antifield. In bosonic
open string theory, these vertex operators can be chosen in the Siegel gauge to satisfy
U = cV and U∗ = c∂cV where V is a dimension one primary field which is independent
of the (b, c) ghosts. Computing the correlation function
A = 〈U1(z1)U∗2 (z2)
∫
dz3V3(z3)...
∫
dzNVN (zN )〉, (7.2)
one obtains
A = (z1 − z2)2〈V1(z1)V2(z2)
∫
dz3V3(z3)...
∫
dzNVN (zN )〉. (7.3)
Since (7.3) is invariant under the SL(2, R) transformation zr → (azr+b)/(czr+d), one can
fix (z1, z2, z3) so that the integral over
∫
dz3 gives a trivial constant infinite factor which
is independent of the external vertex operators. After dividing by this infinite constant
factor, one recovers the standard open string N -point tree amplitude expression
A = (z1 − z2)(z3 − z1)(z3 − z2)〈V1(z1)V2(z2)V3(z3)
∫
dz4V4(z4)...
∫
dzNVN (zN )〉. (7.4)
In closed string theory, the analogous prescription for N -point tree amplitudes involves
N − 2 integrated vertex operators, one ghost number two unintegrated vertex operator U
for the string field, and one ghost number four unintegrated vertex operator U∗ for the
string antifield. In bosonic closed string theory in Siegel gauge, these unintegrated vertex
operators are U = cLcRV and U
∗ = cL(∂LcL)cR(∂RcR)V where V is a dimension (1, 1)
primary field which is independent of the ghosts. As in open string amplitudes, SL(2, C)
invariance of the amplitude
A = 〈U1(z1)U∗2 (z2)
∫
d2z3V3(z3)...
∫
d2zNVN (zN )〉 (7.5)
implies that the
∫
d2z3 integral provides a trivial constant infinite factor. After dividing
out this infinite factor, one recovers the standard expression for the closed string N -point
tree amplitude.
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Using the pure spinor version of open superstring field theory with massless external
states, the unintegrated ghost number one vertex operator is U = λµAµ(x, θ) and the
ghost number two vertex operator is U∗ = λµλνA∗µν(x, θ) where Aµ depends on the super-
Maxwell photon am and photino χ
µ satisfying (2.21) and A∗µν depends on the super-
Maxwell antiphoton a∗m and antiphotino χ
∗
µ satisfying (2.24). The analog of Siegel gauge
for these fields and antifields is
am = a
∗
m, χ
µ = γµνm ∂
mχ∗ν (7.6)
using the gauge-fixing conditions
∂mam = 0, ∂n∂
na∗m = ∂
n∂nχ
∗
ν = 0. (7.7)
Note that the gauge-fixing conditions on the fields are the antifield equations of motion,
while the gauge-fixing conditions on the antifields is that they are annihilated by ∂n∂n.
Also note that the identification of (7.6) is consistent with the equations of motion of (2.21)
and (2.24) in this gauge. So after dividing out the constant factor and using (7.6) to map
antifields into fields, open superstring massless tree amplitudes can be computed using this
prescription.
Using the pure spinor version of closed superstring field theory with massless external
states, the unintegrated ghost number two vertex operator is U = λµLλ
νˆ
RAµνˆ(x, θL, θR)
and the ghost number four vertex operator is U∗ = λµLλ
ν
Lλ
ρˆ
Rλ
σˆ
RA
∗
µνρˆσˆ(x, θL, θR) where
Aµνˆ depends on the Type II supergravity fields [amn, χ
µˆ
Lm, χ
µ
Rm, F
µνˆ ] satisfying (3.18) and
(3.19), and A∗µνρˆσˆ depends on their antifields [a
∗
mn, χ
∗
Lmµˆ, χ
∗
Rmµ, F
∗
µνˆ ]. The analog of Siegel
gauge for these Type II supergravity fields and antifields is
amn = a
∗
mn, χ
µˆ
Lm = γ
µˆνˆ
n ∂
nχ∗Lmνˆ , χ
µ
Rm = γ
µν
n ∂
nχ∗Rmν , F
µνˆ = γµρm γ
νˆσˆ
n ∂
m∂nF ∗ρσˆ,
(7.8)
using the gauge-fixing conditions
∂mamn = ∂
namn = ∂
mχµˆLm = ∂
mχµRm = 0, (7.9)
∂n∂
na∗mn = ∂
n∂nχ
∗
Lmνˆ = ∂
n∂nχ
∗
Rmν = ∂
n∂nF
∗
µνˆ = 0.
The relations of (7.8) and (7.9) can be understood as the “left-right” product of the
relations of (7.6) and (7.7). So after dividing out the constant factor and using (7.8)
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to map antifields into fields, open superstring massless tree amplitudes can be computed
using this prescription.
Finally, using the pure spinor version of supermembrane theory with massless external
states, the unintegrated ghost number three vertex operator is U = λαλβλγAαβγ(x, θ) and
the ghost number four vertex operator is U∗ = λαλβλγλδA∗αβγδ(x, θ) where Aαβγ depends
on the d=11 supergravity fields [gbc, bbcd, χ
α
b ] satisfying (4.17), and A
∗
αβγδ depends on
their antifields [g∗bc, b
∗
bcd, χ
∗
bα] satisfying (4.23). The analog of Siegel gauge for these d=11
supergravity fields and antifields is
gbc = g
∗
bc, bbcd = b
∗
bcd, χ
α
b = Γ
αβ
c ∂
cχ∗bβ +
1
9
(ΓbΓ
cΓd)αβ∂cχ
∗
dβ (7.10)
using the gauge-fixing conditions
∂bgbc − 1
2
∂c(η
degde) = ∂
bbbcd = ∂
bχαb = 0, ∂
b∂bg
∗
cd = ∂
b∂bb
∗
cde = ∂
b∂bχ
∗
cα = 0. (7.11)
The identification for the gravitino and its antifield in (7.10) can be obtained by requiring
consistency of the gravitino equation of motion with the gauge-fixing conditions of (7.11).
So as in the open and closed superstring, it should be possible to use the map of (7.10) to
obtain d=11 supergravity amplitudes from the supermembrane amplitude prescription.
7.3. M-theory conjecture for supermembrane amplitudes
Having shown in the previous subsection that the prescription for supermembrane
scattering amplitudes has an analog for the superstring, it is natural to ask if there is some
relation between the supermembrane and superstring scattering amplitudes. It will now be
conjectured that after compactification of x11 on a circle of radius R11, the supermembrane
massless scattering amplitude coincides with the non-perturbative Type IIA superstring
massless scattering amplitude with the string coupling constant equal to (R11)
3
2 . This
conjecture is based of course on the M-theory conjecture of [2].
Since the supermembrane action of (6.17) is not quadratic, it will not be possible
to obtain exact expressions for correlation functions of supermembrane vertex operators
as was done for correlation functions of superstring vertex operators. However, since the
supermembrane action reduces in the infinite tension limit to the d=11 superparticle action
of (4.7) which is quadratic, it might be possible to compute supermembrane scattering
amplitudes as a perturbative expansion in the inverse of the membrane tension. Hopefully,
the non-renormalizability of the supermembrane action will not be an insurmountable
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obstacle in performing this perturbative expansion. Since the expansion in the membrane
tension is manifestly d=11 super-Poincare´ covariant, even the lowest order terms in the
expansion will contain information about Type IIA superstring amplitudes that is non-
perturbative in the string coupling constant.
The first step in studying this M-theory conjecture is to get a better understanding of
the relation beween the supermembrane massless vertex operators and the Type IIA super-
string massless vertex operators. Although the supermembrane action in a flat background
reduces to the Type IIA superstring action in a flat background after double-dimensional
reduction of x11, the supermembrane action in a curved background does not reduce to the
Type IIA superstring action in a curved background. Since the integrated version of the
massless vertex operator comes from the linearized contribution of the curved background,
this means that the integrated version of the supermembrane massless vertex operator
does not reduce to the integrated version of the Type IIA massless vertex operator. For
example, there is no term quadratic in dα in the massless integrated supermembrane ver-
tex operator of (7.1) which reduces to the dLµdRνˆR
µνˆ term in the massless integrated
Type IIA superstring vertex operator. As discussed earlier, this difference comes from the
λΓ11λ = 0 constraint in the supermembrane formalism which is not present in the Type
IIA superstring formalism.
Also, the unintegrated supermembrane vertex operators Umembrane and U
∗
membrane
of ghost number three and four are different from the unintegrated Type IIA superstring
vertex operators Ustring and U
∗
string of ghost number two and four. However, in this case,
there is a simple way to relate the supermembrane and superstring vertex operators as will
now be shown.
Although QUmembrane = 0 when λΓ
cλ = 0 for c = 1 to 11, it is not necessarily
zero if λΓmλ = 0 for m = 1 to 10 but λΓ11λ is non-zero. In this case, QUmembrane =
(λΓ11λ)Y where Y is some ghost number two state annihilated by Q. Note that because
of (4.13), Y is defined up to terms proportional to λΓm 11λ = λLγ
mλL − λRγmλR. Since
λLγ
mλL − λRγmλR = 0 using the pure spinor version of the Type IIA superstring, one
can identify Y with Ustring. In other words, after double-dimensional reduction,
QUmembrane = (λΓ
11λ)Ustring. (7.12)
To relate U∗string and U
∗
membrane, first consider (QL + QR)U
∗
string when λLγ
mλL +
λRγ
mλR = 0 but λLγ
mλL − λRγmλR is non-zero. In this case,
(QL +QR)U
∗
string = (λLγ
mλL − λRγmλR)Sm (7.13)
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where Sm is some ghost number three vector state which, because of (4.13), is defined
up to terms proportional to λΓ11λ = λµLλRµ. Furthermore, (QL + QR)
2U∗string = 0 and
λLγ
mλL + λRγ
mλR = 0 implies that
(QL +QR)Sm = (λLγm)µT
µ
L + (λRγm)
µTRµ (7.14)
where TµL and TRµ are some ghost number three spinor states which are defined up to
δTµL = aλ
µ
L + bm(γ
mλR)
µ + cnp(γnpλL)
µ, δTRµ = aλRµ + bm(γ
mλL)µ + c
np(γnpλR)µ.
(7.15)
After double dimensional reduction,
U∗membrane = λ
µ
LTRµ + λRµT
µ
L , (7.16)
which is invariant under (7.15) up to terms proportional to λΓcλ for c = 1 to 11. Fur-
thermore, (QL + QR)
2Sm = 0 implies that QU
∗
membrane = 0 up to terms proportional to
λΓcλ.
So, in this way, the unintegrated supermembrane and superstring vertex operators
can be related to each other. For studying the M-theory conjecture for supermembrane
scattering amplitudes, it would be useful to find a similar relation between the integrated
supermembrane and superstring vertex operators.
8. Appendix: Zero Momentum Cohomology of d=11 Superparticle
In this appendix, the zero momentum cohomology of the d=11 superparticle BRST
operator, Q = λαdα, will be computed for arbitrary ghost number and shown to corre-
spond to the linearized d=11 supergravity ghosts, fields, antifields and antighosts. As in
the case of the N=1 d=10 superparticle discussed in the appendix of [13], the zero mo-
mentum cohomology of Q is equivalent to the “linear” cohomology of a nilpotent operator
Q˜ involving an unconstrained bosonic spinor λ˜α where
Q˜ = λ˜αpα + λ˜Γ
cλ˜b(−1)c + c
c
(1)(λ˜Γcdλ˜u
d
(−2) + λ˜Γ
dλ˜u(−2)[cd]) + .... (8.1)
The new ghost variables [b(−n), c(n)] and [u(−n), v(n)] are fermionic and bosonic pairs of
conjugate variables carrying ghost number [−n, n] which substitute the pure spinor con-
straint on the λα variable, and “linear” cohomology signifies states in the cohomology of
Q˜ which are at most linearly dependent on these new variables.
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Although Q˜ for the d=11 superparticle involves more terms than for the N=1 d=10
superparticle, the proof of equivalence of its “linear” cohomology with the zero momentum
cohomology of Q = λαdα is identical to the proof in the appendix of [13] and will not be
repeated here. As in the N=1 d=10 superparticle case described in (2.22), the term
λ˜Γcλ˜b(−1)c in (8.1) imposes the pure spinor constraint and the remaining terms in (8.1)
remove the extra gauge invariances implied by this constraint. As will now be shown
for the d=11 superparticle, these remaining terms involve new ghost variables with ghost
numbers up to [−7, 7].
The complete expression for Q˜ for the d=11 superparticle is
Q˜ = λ˜αpα + λ˜Γ
cλ˜b(−1)c + c
c
(1)(λ˜Γcdλ˜u
d
(−2) + λ˜Γ
dλ˜u(−2)[cd]) (8.2)
+vc(2)((λ˜Γc)αb
α
(−2) + λ˜Γ
dλ˜b(−3)(cd))
+v
[cd]
(2) (
1
2
(λ˜Γcd)αb
α
(−2) + ηdeλ˜Γ
ef λ˜b(−3)(cf) + λ˜Γ
eλ˜b(−3)[cde])
+cα(2)(−λ˜Γcλ˜u(−3)cα +
1
2
(λ˜Γcd)α(λ˜Γc)
βu(−3)dβ))
+
1
2
c
(de)
(3) (λ˜Γd)
αu(−3)eα +
1
4
c
[def ]
(3) (λ˜Γef )
αu(−3)dα
+vcα(3)b
dβ
(−4)Mcα dβ γδλ˜
γ λ˜δ
+
1
4
u
[def ]
(−4) (λ˜Γef )
αc(4)dα +
1
2
u
(de)
(−4)(λ˜Γd)
αc(4)eα
+uα(−5)(−λ˜Γcλ˜c(4)cα +
1
2
(λ˜Γcd)α(λ˜Γc)
βc(4)dβ)
+b
[cd]
(−5)(
1
2
(λ˜Γcd)αv
α
(5) + ηdeλ˜Γ
ef λ˜v(4)(cf) + λ˜Γ
eλ˜v(4)[cde])
+bc(−5)((λ˜Γc)αv
α
(5) + λ˜Γ
dλ˜v(4)(cd))
+uc(−6)(λ˜Γcdλ˜c
d
(5) + λ˜Γ
dλ˜c(5)[cd]) + b(−7)λ˜Γ
cλ˜v(6)c,
where Mcα dβ γδ are fixed coefficients which will be defined below. Before explaining the
origin of the various terms in (8.2), it will be first be checked that the linear cohomology
of Q˜ corresponds to the zero momentum d=11 supergravity ghosts, fields, antifields and
antighosts.
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Since λ˜α is unconstrained, the term λ˜αpα in (8.2) implies using the standard quartet
mechanism that states in the cohomology of Q˜ are independent of xc and θα. So states in
the “linear” cohomology are represented by the elements
[1, cc(1), v
c
(2), v
[cd]
(2) , c
α
(2), c
(cd)
(3) , c
[cde]
(3) , v
cα
(3), c
cα
(4), v
[cde]
(4) , v
(cd)
(4) , v
α
(5), c
[cd]
(5) , c
c
(5), v
c
(6), c(7)], (8.3)
which were shown in subsection (4.3) to correspond to the d=11 supergravity ghosts,
fields, antifields and antighosts. To map these elements to states in the zero momentum
cohomology of Q, one needs to find BRST-closed expressions involving these elements
which commute with Q˜. For example, the BRST-closed expression corresponding to cc(1)
is cc(1) − λ˜Γcθ, the BRST-closed expression corresponding to v[bc](2) is v[bc](2) − c[b(1)λ˜Γc]θ +
1
2 (λ˜Γ
bθ)(λ˜Γcθ), and the BRST-closed expression corresponding to vc(2) is v
c
(2)−c(1)dλ˜Γcdθ−
1
2 (λ˜Γ
cdθ)(λ˜Γdθ). The corresponding states in the zero momentum cohomology of Q are
obtained by setting all new variables to zero and replacing λ˜α with λα, i.e. the state
corresponding to cc(1) is −λΓcθ, the state corresponding to v[bc](2) is 12 (λΓbθ)(λΓcθ), and the
state corresponding to vc(2) is −12 (λΓcdθ)(λΓdθ).
Returning now to the explanation of the terms in Q˜ of (8.2), the second term
λ˜Γcλ˜b(−1)c enforces the pure spinor constraint and is invariant under δb(−1)c = λ˜Γdλ˜f[cd]+
λ˜Γcdλ˜g
d for arbitrary gauge parameters f[cd] and g
d. The third term in (8.2) fixes these
gauge invariances, but introduces new gauge invariances of ud(−2) and u
[cd]
(−2) which are
gauge-fixed by the fourth and fifth terms in (8.2). Note that only the symmetric part
of b(−3)(cd) is needed in the fourth and fifth terms of (8.2) since the antisymmetric part
b(−3)[cd] can be absorbed by a redefinition of bα(−2) → bα(−2) + (λ˜Γcd)αb(−3)[cd].
At this point, the structure of Q˜ is quite complicated, but one can use the correspon-
dence between the new ghost variables and the d=11 supergravity fields to help in the
construction of the remaining terms in Q˜. In fact, it will now be conjectured that all terms
in Q˜ can be deduced from the known linearized supersymmetry transformations of the
d=11 supergravity ghosts, fields, antifields and antighosts. Although this is not surprising
since the BRST transformations generated by Q˜ must be supersymmetric, a proof has not
yet been constructed for the following conjecture. Nevertheless, it is straightforward to
check that the conjecture is consistent with all terms that have been computed in Q˜ using
the gauge-fixing procedure.
Note that all terms in Q˜ are either linear or quadratic in λ˜α. The first conjecture is that
terms linear in λ˜α describe the zero momentum linearized supersymmetry transformations
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of the d=11 supergravity fields where λ˜α plays the role of the supersymmetry parameter.
For example, the terms 1
2
c
(de)
(3) (λ˜Γd)
αu(−3)eα and 14c
[def ]
(3) (λ˜Γef )
αu(−3)dα describe the zero
momentum linearized supersymmetry transformations of the d=11 supergravity fields
δαg(de) =
1
2
Γαβ(d χe)β , δ
αb[def ] =
1
4
(Γ[ef )
αβχd]β , (8.4)
where c
(de)
(3) is identified with the graviton g
(de), c
[def ]
(3) is identified with the three-form
b[def ], and uα(−3)d is identified with the gravitino χ
α
d .
The second conjecture is that the terms in Q˜ which are quadratic in λ˜α can be deduced
from the anticommutator of two linearized supersymmetry transformations where λ˜αλ˜β
plays the role of the supersymmetry parameters in the anticommutator. If the d=11
supersymmetry algebra were closed off-shell, the anticommutator of two supersymmetry
transformations acting on any supergravity field would be proportional to a translation,
i.e. {δα, δβ}φI = Γcαβ∂cφI for any φI . However, since the supersymmetry algebra is only
closed on-shell, the anticommutator of two supersymmetry transformations acting on a
supergravity field can contain a term proportional to equations of motion, i.e. {δα, δβ}φI =
Γcαβ∂cφI +MIJ αβ
∂S
∂φJ
.
For d=11 supergravity fields, MIJ γδ is non-vanishing when I and J correspond to
gravitino fields, i.e.
{δγ , δδ}χcα = Γdγδ∂dχcα +Mcα dβ γδ
∂S
∂χdβ
(8.5)
where the coefficients Mcα dβ γδ can be explicitly computed using the linearized super-
symmetry transformations of the standard d=11 supergravity action. From the second
conjecture, this implies the term
vcα(3)b
dβ
(−4)Mcα dβ γδλ˜
γ λ˜δ
in (8.2) where vcα(3) corresponds to the gravitino χ
cα and bdβ(−4) corresponds to the gravitino
antifield χ∗dβ whose BRST transformation is the linearized equation of motion
∂S
∂χdβ
.
To give another example of the second conjecture, the term
cα(2)(−λ˜Γcλ˜u(−3)cα +
1
2
(λ˜Γcd)α(λ˜Γ
c)δud(−3)δ) (8.6)
in (8.2) can be deduced from the anticommutator of two supersymmetry transformations
acting on the supersymmetry ghost ξα. Using δ
αρc = (Γcξ)
α and δβξα = −12∂bρc(Γbc)βα
where ρc is the reparameterization ghost, one finds that
{δβ , δγ}ξα = Γcβγ∂cξα + (−Γcβγ∂cξα +
1
2
(Γcd)α(βΓ
cδ
γ)∂
dξδ). (8.7)
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So the term (8.6) in Q˜ can be deduced from (8.7) where c(2)α corresponds to the super-
symmetry ghost ξα and u
d
(−3)δ corresponds to the gravitino χ
d
δ whose BRST variation is
∂dξδ.
So one can use these two conjectures to deduce all terms in Q˜ of (8.2), and one
can explicitly check that this construction is consistent with the required gauge-fixing
properties of the term in Q˜. Furthermore, one can check that these conjectures are also
consistent with the BRST operator of (2.22) for d=10 super-Maxwell theory. Note that
the terms in the second half of (8.2) are related to terms in the first half of (8.2) by
exchanging fields with antifields and ghosts with antighosts, i.e. by exchanging [b(−n), c(n)]
with [v(7−n), u(n−7)]. The term vcα(3)b
dβ
(−4)Mcα dβ γδλ˜
γ λ˜δ is invariant under this exchange
since Mcα dβ γδ =Mdβ cα γδ in order that {δγ , δδ}S = ∂S∂χcαMcα dβ γδ ∂S∂χdβ = 0 where S is
the linearized d=11 supergravity action.
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